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Lectures Outline

% Generative graph learning
** Probabilistic models on graphs

/

s Graph VAE, graph language models and graph diffusion models

L)

*

Issues with information propagation on graphs

/

s Oversmoothing, oversquashing and undereaching

s Topological approaches
+* Dynamical systems approaches

% Spatio-temporal and dynamic graphs

>

¢ Neural Algorithmic Reasoning

% Applications
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Probabilistic Graph
Models




Unsupervised Graph Embeddings

“* Learn unsupervised node and graph embeddings

“* Requiring less supervised labelling

“* Reusing embeddings across multiple tasks

“* Mix supervised and unsupervised modules

Contextual Graph Fixed-size
# Markov Model # ] graph
(CGMM) representation
—

— ~ —

Probabilistic Unsupervised Deep Supervised

Bacciu, Errica, Micheli, ICML 2018
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Contextual Graph Markov Model
(CGMM)

NODE FEATURES

o

Layer € @ u €V,
g§€D CATEGORICAL DISTRIBUTION (C STATES)
f—————

’ N

P 1 hY
// ! \‘
| l TRAINING ONE LAYER AT

P(Q|set of neighbors) A TIME!
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Incremental Construction

1. Map the graph to the
model (base case)

P(y1]101)

2. Perform inference
and freeze states

3. Add a new layer
and use frozen states
as observed variables
in the graphical model

Go back to step 2
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Computing embedding

v'Finding the most likely state assignment # Hidden states = 4

max P(yu|Qu = 1) P(Qu = i)

Inferred states .

: (as colors)
v'The inferred latent states are used as

observable variables in subsequent layers 1

v'Afixed-size vector of states frequencies > 110 2
as graph encoding

Frequency vector
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CGMM Layer Training

A maximum likelihood approach to learning Assumption: i.i.d. graphs
C . Emission distrib.
L = H H Z Pl(yu|Qu _ ?;)PI'(QH _ z|qk}?:)° (g)) B switching Parents distrib.
geGuecg i . Transition distrib.
Split by layer
and by arc
C A C
=[1[ D rrouen =0 riu =0 Pisy =@yt = > Plo, =ilo* =) Y ko)
gEG ueg i leL a=1 J venlay)

Trained by Expectation-Maximization
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CGMM — Depth Matters...
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Bacciu, Errica, Micheli, JMLR 2020 layers
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Interpreting CGMM

Thanks to
the
probabilistic
approach

Bacciu, Errica, Micheli, JIMLR 2020




To infinity and beyond
O
CHO (i _ _
/‘ v Agtodrgatéca:cl)y Ieafrn th% s;ze of node
) e embedding space from data

v"Choice of observations’ groups

,"’ ,/ /
@ /’ d = determined by neighbors’ states

The Infinite CGMM

v" Hierarchical Dirichlet process to sample
(potentially) infinitely many hidden states

v'Batch version for larger datasets

— Layer ¢

Castellana, Errica, Bacciu, Micheli, ICML 2022
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ICGMM - Finer grained control on
hidden space

CHOSEN STATES PER LAYER CUMULATIVE GRAPH EMBEDDING SIZE
S 80004 ——- CGMM w. C=20 ’J,’
17.5 - ‘g - ."CGMMQV W.ag: 5, y: 3 f.-”
N ] iICGMM e
o Y 2 6000 - .
C 125 ~—- CGMM w. C=20 S L
—— ICGMMg, w. ap: 5, y: 3 @ e
8 10.0- . ay W o 3. ¥ 3 4000 - P
. iICGMM c -
7.5 1 E o
S 2000 - e
5.0 N E ’,,
2.5 - IO [ —————
12345678 91011121314151617181920 12345678 91011121314151617181920
layer layer
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Dealing with Multimodal Graph

Distributions
g ; Errica, Bacciu, Micheli,
ICML 2021
hDGN
(n, B, v, RO)

total infected cases

Graph Mixture Density Networks and their
application to epidemiology

Bly




Deep Generative
Models for Graphs




Graph Generation

Generate a prediction that is itself a graph

/\L.

p(hy)

AR o O __ L ﬁ
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GraphVAE generates

~ '@ adjacency matrix up to k

ﬁbzw

Graph Variational Autoencoder
vertices along with the

N\ /
— relevant edge/node features

~ |z E &) (for molecular data)

R D

argmax |
F —__ Argmaxak.a. sampling =
/ Y Ol > non-differentiable

Simonovsky, Komodakis, ICLR-WS 2018
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Language-Based Graph Generation

Sample

output dist. \ \ \

Start token

(fw) (3] () (®)

e [é[ﬂl] [

J o)

@) @) 6 6

arg arg arg arg

max max 11

ax  Inax

T
6 €3 (

T
) (6

(S) Initialize 2nd net
with state of 1st

(u) (o) () (o)

Generate a graph
node-by-node and
edge-by-edge
through a
sequential
approach

Bacciu, Micheli, Podda,
Neurocomputing 2020




Podda et al, AISTATS 2020

Generate Molecules by Fragmentation

v Molecule is scanned in Starting ~ =25 ------ et REEEE EEEC LR
point | g4 * * OH
SMILES order N b E’ |
. . * * "
v Find first breakable Yoo /

bond N~ 7 o7 e

0 0 . .

v Break the molecule at - ' Nae @’ Mg TOH 0

that bond, set aside O o o
leftmost fragment 0 0 0

v'Order is deterministic and the molecule can be reconstructed

v" Proceed recursively on » - ulary of al ot -
rightmOSt fragment da?aeéae?voca ulary ot all possible Tragments tound In a

v'Graphs are transformed into fragment sequences
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Diffusion Models for Graphs

Node/edge transition

1 01
X"~ Cat(X"Qx) matrices

E' ~ Cat(E°Q})

/\/’\E

= (X, EY)

e HD N
: ZF Conditioning

I n~ps(nl|ly);y I information

Backward de- ’\_/ v \_/ (classifier free)
noising

(X°,E°) ~ po(G°|G", y) (XTHE"Y ~ pe(GTTHGT y)

Forward noising

Ninniri, Podda, Bacciu ECML-PKDD 2024
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Information
Propagation in Graphs




(Catastrophic) Issues when learning
node/graph embeddings

Many-layer networks are needed to capture long range node
interactions into representative embeddings passing through
topological bottlenecks

That is where our
\ troubles begin

N o Under-reaching

// o Over-smoothing
o Over-squashing

layers
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Oversguashing

Occurs when an
exponentially-
growing amount of
information is
squashed into a
fixed-size vector

Img: J. Balla, ICLR blog 2021
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Oversmoothing

Occurs when irrespectively of the propagation length required, the
model cannot learn distinctive embeddings to solve the task

Layer 1 Layer 2 Layer 3 Layer 4

A A A A

Img: J. Balla, ICLR blog 2021
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Rewiring Approaches

Bottleneck

Analysing graph message passing as
a diffusion process

Topping et al, ICLR 2022
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Rewiring Approaches

Reduce the bottleneck (e.g. by a targeted
Increase in connectivity) to solve over-
squashing Topping et al, ICLR 2022
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A Topological Perspective

Connecting message-
passing issues with the
topological properties
(curvature) of graphs

o Negative curvature R
maybe one of the
causes of
k@'/ e ' \ .
/ Ny @@ oversquashing

Topping et al, ICLR 2022
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A Dynamical Systems View on Deep
Graph Networks

I
m
~

t=0 t=e(l—1) t t=T

time
-

initial cmditi% final embedding i O NOde message paSSing
] can also be seen as a
ODE -] . . ‘
) T A discretization of a
Xu m *u . .
continuous dynamical
-1 £ laye?'s; process

DGN x,, DX o (¢
;} ___________ | { O _ foxu(t) te[0,T],

o x,(0) = x) € R?
v v
A-DGN ®_> xt
(XN, —>@—>@_>@_1‘
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A Dynamical Systems View on Deep
Graph Networks

t=0 t=¢€(l—1) t=¢l t=T

time
-

initial cmditi% final embedding i O NOde message paSSing
] can also be seen as a
ODE -] . . ‘
) T A discretization of a
Xu m *u . .
continuous dynamical
lagers, process

o The graph neural
network has as many
layers as the length of
the unfolded ODE

o Neural (Graph) ODE

DGN

A-DGN




Non-Dissipative Propagation — Addressing
the Problem through the Dynamical System

Leverage the ODE formulation of DGNs to optimize forward and
backward message propagation

dX;t(t) — O (thu(t) — (I)({Xv(t)}ve.)\fu) 4+ bt)

Node-wise propagation Neighborhood aggregator
(any standard MPNN)

Chase optimal propagation by enforcing a stable dynamics + non-
dissipation of the input over time by looking into the properties of

Jacobian ] — VIi: (Re (Al (](t)))) ~ 0 Haber & Ruthotto, 2017

Gravina et al, ICLR 2023
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Non-Dissipative Propagation by Anti-
Symmetry

Anti-symmetric weight matrix with a Euler discretization of the Neural
ODE

x, =xy ' +eo (W—-W! —AI)x; ! + X1 N,) +b)

Forward Euler Coauthor CS

discretization of S — Non-
Graph ODE 0.81 | dissipative &
rewiring
go.s-
Anti-symmetric weight matrix allowing stable and - Dissipative R G
S . <04 effects of
non-dissipative behavior of the ODE layering
(eigenvalues of the Jacobian are all imaginary) 0.2
Gravina et al, ICLR 2023 123 5 10 20 30
N. Layers
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Local Vs Global Non-Dissipation

So far we have achieved local conservation 0x,(t)

0x,,(0)

= C

layers

Gravina et al, ICLR 2023




Local Vs Global Non-Dissipation

dvec(X(t))
dvec(X(0))

But we want to achieve it globally

Gravina et al, Arxiv 2024




SWAN — Space and Weight
Antisymmetry Network

dx, (1) T
22— o (W= Wk () + @({xubvews) + B Joens) )
Node-wise Antisymmetric (any) Neighbourhood Antisymmetric
propagation aggregation neighbourhood
aggregation
=Y (An—A)(Z+Z"Nx,(t)
vEN,

learnable weights

pre-defined/learned neighbourhood
aggregation matrices

Gravina et al, AAAI 2025




One Further Push

Can we allow to the model to trade between dissipative and non-
dissipative behaviors, adaptively and in a principled way?

\ Property
1
? Non-Dissipative
( ; , Core
i Property
; n ]
-
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One Further Push

Can we allow to the model to trade between dissipative and non-
dissipative behaviors, adaptively and in a principled way?

Initial Energy preservation Final
Contition Embedding
( Internal

& ‘iu‘ 1D(y)V Hg Deep Graph
L ; Network (PH-DGN)
g N7 Nu m T
xu(0) ? and &g *(T) Heilig et al, ICLR 2025
@E and
o
Hamiltonian core evolves (0) (€+1)
. Qu Qu External
global state y preserving v o Forcmg
energy \ j (y,t)
(,) Continuous time T -
6 V4 Layers 1'} .
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Dynamic Graphs




Learning with Dynamic Graphs

Discrete fime Graphs evolve with time in
feature, connectivity and
% topology

t=2 o Spatio-temporal
Node

Continuous  Edge creation Feature netwo rkS
time creation\ ) update s

o Graph streams
O\O R. Trivedi et al ICRL 2019

ty 12 tr Gravina & Bacciu, TNNLS 2024
(Survey)
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Dynamic Graphs Vs Static DGNs

** DGNs cannot be directly applied to all
real-life graphs
® Most real-life graphs are dynamic

® Majority of DGN approaches assume that the
input graph is static

** Ignoring temporal information can make
the problem impossible to solve

*** Objective: develop methods that are
able to exploit both spatial and
temporal information
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Common Tasks with Dynamic Graphs

% Future link/node prediction e AL
e Predictattimet+k N4 SV
< Path classification \
e E.g. predict path congestion .\Q*‘#.ﬁ,
« Event time prediction :::n\ﬂ“mﬁﬂ) <
e When an event will occur? o ¢
. . Gi, .. ’) Gt,
< Imputation ; _/\‘L e
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A Taxonomy of Approaches

Deep Graph Networks

Gravina & Bacciu,

N TNNLS 2024
r R
Static graphs Dynamic graphs
e A
r I ] r N
Spectral conv Spatial conv Random walks D-TDGs C-TDGs
(Sec 11.B.1) (Sec 11.B.2) (Sec 11.B.3) - A 5

Spatio-temporal Generic D-TDGs
—— \

Integrated Stacked Integrated Stacked Meta Autoencoder Random walks Integrated Stacked Random walks

(Sec IV.A1) (SecIV.A2) (SecIV.B.1) (Sec IV.B.2) (Sec IV.B.3) (Sec IV.B.4) (Sec IV.B.5) (Sec V.1) (Sec V.2) (Sec V.3)

Can again be tackled as a diffusion process using Graph ODEs

o Spatial and temporal diffusion
o Can be made non-dissipative

o Can naturally handle irregular sampling
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A Graph ODE on Continuous Time

A neural ODE that propagates node signals between event occurrences

Update Aggregate Message

Can again be solved by forward Euler p
Xu _

1 =+ e (2600, ((6mCckxs ebdoemyen ) { “ bt (1t Ot X €, )
Xu — Xti_l,u

Gi,
>\/ \// \// / Observed snapshot of u at time t;_4
/o / [
{/ t1 ta ty

Gravina et al, IJCAI 2024

------- time —»
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Integrating Algorithmic
Knowledge




Neural Algorithmic Reasoning - Combining
algorithms and neural networks

Velickovic el al,

ICRL 2020

— (% KS—N : }—2—)‘ : ’

= 3

. 2 é

= [I: b A

10

+ Reusable across tasks - Sensitive to task variation
+ Executing on noisy conditions - Input must match pre-conditions
- Sensitive to shift-of-distribution + Inherent generalisation
- No interpretable operations + Interpretable
- Requires lots of data + Theoretical guarantees

Can we get the best of both worlds?
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Learning Algorithmic Reasoning on
Graphs

Recursive-type DGN @ \ r@

N

¥ a

Dual Algorithmic Reasoning
Use knowledge on the
structure of the
optimization problem

el Numeroso, Bacciu,
. Velickovic, ICLR 2023

max D()\)

step-wise supervision
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Example: Ford-Fulkerson, Max-Flow & Min-
Cut




Scaling Up Way OUt Of Numeroso, Bacciu,

distribution —

Abstract input (FF) 5 Abstract output (FF)
rocessor

Velickovic, ICLR 2023

Train On 16 Natural input
nOd eS’ predlct on (brain-vessel graph)
10 millions

Natural output
(brain-vessel graph)
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Example: Ford-Fulkerson, Max-Flow & Min-
Cut

I I Learning min-cut is essential!
(Max-Flow/Min-Cut theorem)




Applications




Predicting Properties of Chemical

Compounds

Micheli et al, JCICS 2001 \

Duvenaud, Maclaurin et al, NIPS

2015
G(l)lmer et al, ICML 2017

*_‘.“' -/:" :"
[P
k ~ 1072 seconds /

~

v

v

-

\________________/

N
Simulation

methods

~ 103 seconds
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Solubility

Quantum
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Podda, Bacciu, Micheli, AISTATS

Generating Molecules

Fragment-based
| | ] deep molecule
D D K oy gt generation

A 1 ;
O e . TVe-a K S VY s B v pRe p'g'

ATOMS BONDS RINGS

P = N :
7\ & 3 = < mC wmF mN =m0 mOther m SINGLE = DOUBLE wsTRIPLE W Tri ™ Quad ™ Pent ™ Hex
QO 0 QAP %5@@
. o > —
10 10
> : Oy 0. ’ ’ ’
——\/ % ) "\.
@ Az A \(\ \.\p J ZINC OURS ZINC OURS ZINC OURS

| ' —z% 04 szc o —ZINCA
>  —OURS —ours %2 | —oumrs
W L B 0.2
Q’jﬁ(n)/{\ﬂ Q‘%{\i >/'_©M)" {iﬁ Ci O " 0 0.0 0.0

000 025 050 075 1.00 2 4 6 -5 0 5 10
QED SAS LOGP
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Floorplans Generation

Reverse process (xT) |

T Lo

Noisy Input Conditions Continuous Discrete
Coordinates o Prediction Prediction
o
o
O O
/ °
} o
l Predicted
: \/
Noise _
‘ Continuous _ Lt—1 > Discrete b T
e Denoising € 7 Denoising o
[(0.57,0.32), ...] [(-0.05, 0.04), ...] To —— o > [(010011011, ...]

Shabani et al, CVPR 2023
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Knowledge graphs

City

w2, A natural way of
A XN 3 ]
“* LA o representing

known entities
and relationships

H’E Ldeall}@rd_u:r . .
@ - iIn a domain
‘s e ¥ o0 o
Z : Bob X .?.n-..'-'-"g?-k :
Node/link
- interested 0 .
@ embeddings are
i bop Washinaton numerical
,?,l.-il:a!r_;r_m h.b":-un't'_'f“ ?_%G < @ enCOdlngS Of
@ O entities and

relationships
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Side Effects of Drug Combinations

E Polypharmacy 5 . .
DoxycyclineASide eﬁects/ASimvastatin Ana|y2Iﬂg a multimodal

r graph of interactions
N= =H

Ciprofloxacin r, L&Mupirocin ¢ Drug'drug

* Drug-protein

 Protein-protein

ry

A Drug  © Protein ry Gastrointestinal bleed side effect A—@ Drug-protein interaction

H Node feature vector T2 Bradycardia side effect @—@ Protein-protein interaction

Zitnik, Agrawal, Leskovec, Bioinformatics 2018
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-
O
)

q)
O

-

D

-

-

O

&

D
A

Systems

...and other kinds of social

network analyses

54

COURSE
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Relational Stock
Learning

@ ? o Ranking Scores

[ fc | [ Fc | Prediction Layer

Relational
Embedding Layer

Sequential
Embedding Layer

LSTM LSTM | - | LSTM

Sequential Inputs

AAPL GOOGL FB
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Point Clouds — Semantic Segmentation

Build point cloud graphs
and train semantic class
predictors based on vertex
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Analysis of ICT
systems/Blockchains

visilor.ce

Accessor

‘ Factory H Civisitable ‘

callgraphicall-graph
visitor h

CiModule
Requirement

CtPackage
Export

CtUsed
Service

CiModule
Directive

[ estinen-cbjectvistornh |

=

[ calioraphtundec graph bn | [[asticstautisitornn |

wiorde = o g [t |

astvisitorhh ] [ ‘astinon-objsct-visitorhx

CtElement
b

CtCode
Element

CtGeneric CtMultiTyped CtTyped CtMamed CiType CiType
Element Element Element Element Information Member
< = > = CtProvided

Service

astiname-ty.hh

N\
S

astitypable hh astity. b astitype-constructor hh

astitypa dec. hxx

=
——
[(oetypatieos | [(ypetwetin [ ) astiwaibn | [ ssttype constructor hox | miscigragh i |

it misercalon th | [iserwarh /—Iwm,p.m ostrshadaconcy

5/

CtAnnotation
Type

CtAnonymous
Executable

CilLambda

o
l / CtAnnaotation CtRHS CtType
misciuicuehex | | st iosfwel Method Receiver Parameter

Variable Variable

| CtCatch H Ctlocal HCtParameter
1

Ctinterface
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Spatio-Temporal Transportation

Networks
’ /
— o Forecasting
e e ’ arrival times
’ . = ldentifying
(i ’-\e,,_, anomalies

o '4’? % 5 Route

replanning




Wrap-Up
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Conclusions

< Generative learning for graphs is receiving growing attention,
especially in connection with bio-chemical applications

< Defining continuous processes over combinatorial data is non-trivial
< Need careful thinking about differentiability
< Current research is heavily focusing on
< Dynamic graphs and spatio-temporal networks processing
<+ DGNs as dynamical systems and their physical interpretation
< Learning and aligning with (graph) algorithms
< Oversmoothing, oversquashing and problems of the sort
< ...in other words, plenty of opportunities for thesis work!

&
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Advertisement time

Learning on Graph course

< Coming up on Semester 1, Year 2027
<+ 6 CFU Elective of the Al curriculum

< From foundations of learning on graphs to edge-of-research models
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Next Lecture

No lecture on May 20t (Giro d’ltalia)
A super-compressed introduction to reinforcement learning (May 215

» RL Fundamentals

» Model based RL

» Model free RL

» Hints of deep reinforcement learning
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