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Constrained optimization 1

>

>

>

Finally back to the full (P) f, =min{f(x) : xe X}, XCR"
“Abstract” constraint x € X, implementation discussed later
X € X st f(x.) < f(x)Vx e X: optimal solution = global optimum

Constraints can be hidden in the objective: 1x : R” — R indicator function of X

0 ifxeX .

ix(x) { o ifx ¢ X (convex <= X is, but extended-valued)
= (P) = min{fx(x)="f(x)+1x(x)} (essential objective)

A very bad idea: 1x ¢ C° = ferociously ¢ C!

Conversely, objective “complex” — “simple” by “hiding it in the constraints”

(P) = min{v : v>f(x), xe X} (atrick we have ~ seen already)

Sometimes useful, but “nonlinear objectives easier than nonlinear constraints”



(Local) minima vs. optima 2
> Note that X = ) = v(P) = +oo (= inf 0): solving (P) three # things

i) ... i) ... iii) constructively proving X = () (how??)

> (Almost) never happens in ML, so we will forget about it (but the issue 3):
the model is our choice, we choose it simple & nice & nonempty if we can
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(Local) minima vs. optima

>

v

Note that X = ) = v(P) = +oco (= inf (}): solving (P) three # things
i) ... i) ... iii) constructively proving X = () (how??)

(Almost) never happens in ML, so we will forget about it (but the issue 3):
the model is our choice, we choose it simple & nice & nonempty if we can

Global optimum obviously hard, hence x, local optimum = solves
min{f(x) : x€B(x.,e)NX} for some ¢ > 0

Important concept: x € int( X)) (interior) = IB(x, )< X (¢ >0)
X« € int(X) = local optimum = local minimum = Vf(x.)=0

Constrained (local) optimality conditions # “Vf(x) = 0"
only if x ¢ int( X) <= x € 0X (boundary)

Concept intimately tied with X closed / open (glanced about previously)



Mathematically speaking: Open / closed sets [9, p. 525] 3

» Given S C R", interior/boundary points of S:
> x€int(S) = interiorof S = Ir>0st. B(x,r)CS

> x€0S = boundaryof S = Vr>03w,zeB(x,r)st. weSAz¢S

note: x € int(S) = xe€ S5 butxedS =4 xS
» Sopenif S=int(S): “l have no points on the boundary”
> cl(S) = closure of S = int(S)UIS: “me and my boundary”

> S CR"closed if S=cl(S): “all points on my boundary are mine"
= R"\ S open: “my complement owns none of my boundary”

> int(S)#0 = S full dimensional

» Sometimes, relative interior useful ...



Mathematically speaking: Algebra of open / closed sets [9, p. 526] 4

> Sclosed < VSO {xi} >x = x€8§
all limit points of sequences in S are in S

> Algebra of open/closed sets:
> {S;} (infinitely many) open sets = |J; Si open
> S and S; open = 51 NS, open
> {5} (infinitely many) closed sets = [, S; closed
>

Sy and S, closed — S; U S, closed

Exercise: prove R" and () are both closed and open
Exercise: exhibit a set that is neither open nor closed
Exercise: { S; } (infinitely many) open sets = [, S; open: true?

Exercise: {S;} (infinitely many) closed sets = |J; Si closed: true?
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First-order optimality conditions, geometric version



The Tangent Cone [8, § 12.2] 5

» Crucial object: Tx(x) = tangent cone of X at x =
{dER" : H{Z,'EX}—>X N {t,'>0}—>05.t. dzlim,-_mo(z,-—x)/t,-}
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The Tangent Cone [8, § 12.2] 5
» Crucial object: Tx(x) = tangent cone of X at x =
{dER"ZH{Z,'EX}—>X/\{t,'>0}—>05.t.d:|im,'_>oo(2;—x)/t;}

» Er ...what? Simpler than it seems
X

» Zoom to x very closely, then
X looks a cone: zoom out, thisis Tx(x)

» Tangent Cone Condition:
(TCC) (Vf(x),d)>0Vde Tx(x)

Tx(X) |» x local optimum == (TCC)

Exercise: C cone = x€C = ax € CVa > 0; prove Tx(x) is a cone
> (TCC) =~ local optimum (will see why), even less global optimum

> Unless X C x + Tx(x) <= X convex, let’s see it in details



Mathematically speaking: Necessary optimality condition, the proof 6

» Prove: x local optimum = (TCC)

> By contradiction: x local optimum but 3d € Tx(x) s.t. (Vf(x),d) <0
d#0and Tx(x)acone = w.log. ||d||=1 de Tx(x) =
IXD{z}—-x,{ti} =0st.limyd—(zi—x)/ti=0 =
iMoo ti = limisoo || 2o — x| (8 and ||z — x| “— 0 at the same speed”)
First-order Taylor: f(z ) —f(x)=(Vf(x),z—x)+ R(z —x)

with limy » o R(h) /[ h] =0

Crucial step: zz —x~d and (Vf(x),d) <0 = (Vf(x),z —x) <0
and — 0 “as fast as z; — x”, while R(z — x) — 0 “faster than z; — x”
= eventually f(z)—f(x) <0 (check) [a bit tedious]
{zi} »x = V(small)e >03z e XNB(x.,e)st f(z;)<f(x) ¢

> Tx(x) carefully defined to make the proof work
(but as it is, the definition in unwieldy and unworkable)
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Convex sets [2, Chap. 2] 7

> x,zeR" {w=ax+(1-a)z:ac[0,1]}
= conv(x, z) = segment joining x and z

» C CR"convex: Vx,ze Cconv(x,z)CC

» C nonconvex: Ix,z € Cs.t. conv(x,z)Z C

> Convex is rare: non-connected == nonconvex
> Every nonconvex set can be “completed” to a convex set (convex hull):
conv(S) = U{conv(x,z): x,ze S} ={C: Cisconvex ACD S}
= "iterated convex hull of all x, z € §" = smallest convex set containing S
» C convex <= C = conv(C): a convex set is equal to its convex hull
Exercise: prove: epi(f)={(v, x) : v>f(x)} convex <= f convex
> f convex = S(f, v) convex Vv (<~=) (check)

» How do you tell if a set is convex?



Mathematically speaking: Basic convex sets [2, §. 2.2]

> A few sets are “obviously” convex:

i Convex hull of a finite set of points = convex polytope =
conv({xl,... xk})—{x_ la,x,:zf;la,-:l, a; >0 Vi}
Affine hyperplane H = {x € R" : ax = b} = level set of linear function

Affine subspace S = { x € R" : ax < b} = sublevel set of linear function
iv Ellipsoid £(Q, x, r)={z€R" : (z—x)"Q(z—x)<r} with Q>0
= sublevel set of convex quadratic function
v Ballin p-norm, p > 1, By(x,r)={zeR" : ||[z—x]|, <r}
> Some interesting convex sets are cones:
i Conical hull of a finite set of directions = polyhedral cone =

cone({ch,...,dc})={d=K pd :pi>0Vi}

ii Lorentz (ice-cream) cone L = {x ER" : x, > /0 X }

iii Cone of positive semidefinite matrices S; = { QER™" . Q> 0}
Exercise: prove that R is a convex cone in two different ways

Exercise: provide an example of a non-convex cone



Mathematically speaking: Convexity-preserving operations [2, §. 2.2] 9

i { G }ier a (possibly 0o) family of convex sets = C = (,, C; convex

i C1, ..., Ccconvex <= (; X ...x C, convex

i Cconvex = A(C)={x=Az+b:ze C} convex

(image under a linear mapping, e.g., scaling, translation, rotation)

iv C convex => A }(C)={x: Ax+be C} convex

(inverse image under a linear mapping)

v (1 and G convex, a1, ar E R =

1G4+ aG={x=a1x1+axx : x31 € G, xx € G} convex

vi C CR"=R™ x R¥ convex —
i C(z)={x€eR": (x,z)e C} convex (slice)
i C'={x€eR™:3zcR"st. (x,z)€ C} convex (shadow)

vii C convex = int( C) and c/( C) convex

Exercise: prove i., iii. and iv. “from prime principles”, then v.



Tangent cone & feasible directions [8, §12.2, § 12.4][1, p. 174] 10

> Feasible direction d of X at x: 3 > 0s.t. x+&d € X
> Fx(x) = cone of feasible directions of X at x: X C x+ Fx(x) (check)
> X convex, d € Fx(x) = x+ed e X Ve €[0, £]

> X convex = Fx(x) C Tx(x) (in fact Fx(x) =~ Tx(x)
“save possibly for the borders”) =— X C x+ Tx(x) (check)

Exercise: for X nonconvex, “Fx much larger than Tx": illustrate
> x, global optimum = x, local optimum = (TCC) (no matter f, X)
» (P) convex = X convex, f convex on X: (TCC) = x, global optimum

Exercise: prove, discuss if Vf(x) can be replaced by g € 9f(x) when f ¢ C!

» (TCC) sufficient in the convex case, always necessary
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Why it is not always sufficient 11

» Obvious for global: x local minimum
but 3 better one somewhere else

» Less obvious for local:

min{x; : x > x5}
x=1[0,0], Vf(x)=[0,1],
Tx(x)={[x,x] x>0}

» (TCC) holds but x not minimum

> T better x’ arbitrarily close to x, but not along a straight line
(and derivatives “only look at straight lines")

» Clearly due to nonconvexity: x a “saddle point of 9X"
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12



Say “hi” to the stationary point of constrained case 12
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the only way for x € int( X) to be a local optimum is to be a local minimum

» In fact, f, X convex = (TCC) =  feasible descent directions:
X =R" = every direction is feasible, hence only descent matters
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Say “hi” to the stationary point of constrained case 12

>

>

All'in all: (TCC) = “stationary point of constrained case”

Clearly Vf(x) =0 = (Vf(x),d)=0VdeR" = (TCC)

a (feasible) local minimum is a local optimum regardless X

Conversely, x € int(X) = Tx(x) = Fx(x)=R" (check), hence
(TCC) = (Vf(x),d)>0Vde R" = Vf(x)=0 (check)

the only way for x € int( X) to be a local optimum is to be a local minimum

In fact, f, X convex = (TCC) =  feasible descent directions:
X =R" = every direction is feasible, hence only descent matters

“x satisfies (TCC)" direct constrained generalisation of “x stationary point”
Necessary, not sufficient, but the only one you can reasonably check
But how to compute Tx(x) / test (TCC) in practice? Prove something 777

How to characterize Tx depends on how you characterize X



Outline

First-order optimality conditions, algebraic version



Describing a set via functions 13
» The most used way to describe a set is via (more than) one function(s)

» The obvious way: inequality constraint f(x)<d = sublevel set S(f, d)
equality constraint f(x)=4§ = level set L(f, )

» For convenience “§ hidden in " = f(x) < f(x)=

» What if one rather wants f(x)>0? Simply — f(x) <0

» Usually multiple constraints: “fi(x) <0 , f(x) < 0" = logical conjunction

(“first condition and second condition”) = intersection of (sub)level sets
> (One of the) standard form(s) of constrained nonlinear optimization:
X={xeR":g(x)<0ieZ, h(x)=0,€eT}
T = set of inequality constraints, J = set of equality constraints
» Compact version via vector-valued functions
G(x)=[gi(x)liez :R" = R**, H(x) = [ hi(x) lies : R" = R#*I
X={xeR": G(x)<0,H(x)=0}



A(nother) quick glimpse to reformulations 14

>

>

>

Very important concept: there are many different ways to express the same X
Often choosing the right formulation crucial for being able to solve a problem
We will not see this here, but a few trivial observations useful

Could always assume #7 = 0 (no equality constraints)
hi(x)=0 = hi(x) <0, —hi(x)<0

(one equality constraint is equivalent to two “opposite” inequalities)

Could always assume #Z = 1 (one single inequality constraint)

G(x)<0 = max{gi(x):iel}=g(x)<0

Useful to simplify notation, but almost never for implementation:

exploit the structure of X / the constraints when is there

Reformulations can be bad: max{g;, g} ¢ C' evenif gg € C* , go € C!



Convex Sets out of Convex Functions

>

>

Convexity of X important, how can | be sure of it?

Sublevel sets of convex functions are convex

= g;(x) < 0 with g; convex “good"”
gi(x) >0 not convex if g; is, typically “badly so” (reverse convex)
gi(x) >0 convex if g; concave, but g;(x) <0 then is not
As a great man said: “convex optimization is a one-sided world"

gi(x)=0 convex only if gi( x) <0 convex and g;j(x) >0 convex

= g is both convex and concave = g; is linear (affine)
Want a convex X? All equality constraints must be linear (affine)

Linear constraints very important, let's give them a very good look

15



Linear constraints: a quick glimpse to polyhedra

> g,-(X) = <A,‘, X> —‘rb,' linear (affine), Vg,-(x) :A,' 1 S(g,', )

16



Linear constraints: a quick glimpse to polyhedra 16

» gi(x)=(A;, x)+ b; linear (affine), Vgi(x)=A; L S(g, )

A;

(Ai, x)+ b <0
half-space (half-plane)
full-dimensional = interior 3



Linear constraints: a quick glimpse to polyhedra

> gi(x) = (A, x)+ bj linear (affine), Vgi(x)=A; L S(gi, )
A

<Ai7 X> + bi =0
hyperplane (plane,
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> g,'(X) = <A,‘, X> + b; linear (affine), Vg,-(x) =A L S(g,', )

k equality constraints
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unless linearly dependent
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> g,'(X) = <A,‘, X> + b; linear (affine), Vg,-(x) =A L S(g,', )

k inequality constraints
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full dimensional
interior 4

unless implicit equalities
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Linear constraints: a quick glimpse to polyhedra 16

> g,'(X) = <A,‘, X> + b; linear (affine), Vg,-(x) =A L S(g,', )
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> g,'(X) = <A,‘, X> + b; linear (affine), Vg,-(x) =A L S(g,', )

A /

k > n inequality constraints
(and not dependent “right”)

convex polyhedron
“too many constraints”

— empty




Linear constraints: a quick glimpse to polyhedra 16

> g,'(X) = <A,‘, X> + b; linear (affine), Vg,-(x) =A L S(g,', )

A /

» Polyhedra are easy: find if solution 3 = optimize a linear function upon is P

» If they have "few” constraint, or an efficient separation oracle



Linear equality constraints [7, §11.3]
» Simple case, linear equality constraints:  (P) min{f(x) : Ax=0b}

> x e X = x € 0X, plus “0X looks the same everywhere”

//‘0 > S(f, )and X ={xeR": Ax=0b}
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Linear equality constraints [7, §11.3] 17
» Simple case, linear equality constraints:  (P) min{f(x) : Ax=0b}

> x e X = x € 0X, plus “0X looks the same everywhere”

//‘0 > S(f, )and X ={xeR": Ax=0b}

» optimum touches inner level set

> Fx(x)={deR": Ad=0}Vx:
for any z € X, necessarily z—x=d L A
> (TCC) = (Vf(x),d)=0Vd € F, as
de F = —dcF:
dlAand Vf(x)Ld = VIf(x)]| A

V)

“Vf(x)||A" = Vf(x)€range(A) = JpeR™st VFi(x)=pA
“Poorman’s KKT conditions”: Ax=5b A JpecR"st VFf(x)=pA

u first example of dual variables: to prove x optimal you have to find

vV v vy

f convex = (P-KKT) sufficient for global optimality (check)



Mathematically speaking: Derivation via the reduced problem 18
> Ac R™*" with rank(A) = m<n = rows of A linearly independent
= A=][Ag, An] with det(Ag) #0
= x=[xg,xy]sothat Ax=b = xg :Agl(bfANxN)
“m linear constraints kill m degrees of freedom = m variables”
Exercise: why “rows of A linearly independent” makes sense? discuss

» (P) = reduced problem (R) min{r(xy)=f(Dxy+d) : xy e R""™}

-1 -1
D—[‘ABIA’V] : d—[A%b] , AD =0 (check)

> Vr(xy) = DTVf(Dxy+d), xj; optimal for (R) = Vr(x}) =0
» AD=0 — YuecR™ zT =puA = z'D=0 = D"2z=0
> X = x*=[x5, x5]=[Ag'(b— Anx), xj;] always feasible
JueR™st. uA=VF(x*) = r(x5;)=DTVF(x*)=0
ie, Vr(xy)=0= (P-KKT) Ax=b A FueR"st pA=Vi(x)
» Can be a feasible algorithmic strategy

Exercise: solve min{2x? +w? +2? : x+z=1, x+w —z=2} via (R)



Nonlinear inequalities: first-order feasible direction cone [8, §12.2] 19

» Tx(x)= Txns(x,)(x): only what happens as x; — x matters
= if x ¢ 95(g:, 0) then constraint g;(-) < 0 has no impact on Tx(x)

> g €C% xe€dS(g,0) = gi(x)=0, although <~ (check)

> Active constraints at x € X: A(x)={i€Z: g(x)=0}CT
“easy proxy” of x € 95(g;, 0) = constraint g;(-) < 0 impacts Tx(x)
> First-order feasible direction cone at x € X: Dx(x) =
{deR": (Vgi(x),d)<0 i€ Alx),(Vhi(x),d)=0,eT}=
{deR": (JGu(x))d <0, (JH(x))d=0}

X
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» Tx(x)= Txns(x,)(x): only what happens as x; — x matters
= if x ¢ 95(g:, 0) then constraint g;(-) < 0 has no impact on Tx(x)

> g €C% xe€dS(g,0) = gi(x)=0, although <~ (check)

> Active constraints at x € X: A(x)={i€Z: g(x)=0}CT
“easy proxy” of x € 95(g;, 0) = constraint g;(-) < 0 impacts Tx(x)

> First-order feasible direction cone at x € X: Dx(x) =
{deR": (Vgi(x),d)<0 i€ Alx),(Vhi(x),d)=0,eT}=
{deR": (JGu(x))d <0, (JH(x))d=0}

Y9, (x) Vg,(x) > A(x) = zoom very close to x

> Each i € A(x) defines “a part of 9X"
> Vgi(x)LoX atx

» Each one separately = intersection

» Dx(x) 2D Tx(x) but can be #




When Dx # Tx [8, p- 320] 20
> g€ C! = Dx(x)D Tx(x) [8, Lemma 12.2.(i)] (proof easy, just Taylor)
» Dx(x) can be strictly larger than Tx(x) in pathological cases

> min{...: x*+(xx—-1?2-1<0,

Vg1(x)
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When Dx # Tx [8, p. 320] 20
> g € C! = Dx(x) 2 Tx(x) [8, Lemma 12.2.(i)] (proof easy, just Taylor)

» Dx(x) can be strictly larger than Tx(x) in pathological cases

> min{...: x*+(x—-1)2-1<0, %<0}
= X={x=][0,0]}
Vg,(x)
> Dx(x)={[x1,x]:x=0}
> Tx(x)={[0,0]}
Vagi1(x)

Exercise: Check the counter-example in details
> A very stupid way to write X = {[0, 0] }, have to avoid it

» Note that everything is convex, so convexity won't help this time



Mathematically speaking: Constraint qualifications [8, §12.6]

» Several conditions known = constraint qualifications:
a) Affine constraints (AffC): g; and h; affine Vi€ Z and j € J =
Tx(x)=Dx(x)Vxe X
b) Slater's condition (SlaC): g; convex Vi € Z , h; affineVj € J
IxeXst gi(x)<0VieZl = Tx(x)=Dx(x)VxeX
c) Linear independence (Linl): X € X A the vectors
{Vgi(x):i€A(x)} U {Vh(x):jeT}
all linearly independent from each other = Tx(x) = Dx(X)
> Weaker form of (SlaC): 3x € X s.t. gi(X) < 0Vi € T not affine =
“in the interior of the feasible region of the nonlinear inequalities”

» Our counter-example fail all three (obviously)

» Wrap up: (AffC) v ([w]SlaC) Vv (Linl) =
x local optimum = (Vf(x),d) >0 Vde Dx(x)

» How do | check something like this? Vd ...77

21



Farkas' lemma: a tale of two cones [8, p. 326] 22
» Dy is a polyhedral cone: C = {d € R" : Ad <0} for some A € Rkxn
[ what about J7 (check) ] “very close by, X looks like a polyhedron”

A) Az
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Farkas' lemma: a tale of two cones [8, p. 326] 22
» Dy is a polyhedral cone: C = {d € R" : Ad <0} for some A € Rkxn
[ what about J7 (check) ] “very close by, X looks like a polyhedron”
c
» Dual cone: C* ={c= fozl ANA; cA>0}

A

» Farkas’ lemma: Vc € R”
either IXN>0st. c=ATA=3"  NA
or Jdst. Ad<0 A (c,d)>0

(one and only one of these is true)

> (c,d)<0VdeCl, ceC* (check) actually a # definition:
polarcone C° ={ceR" : (c,d)<0VdelC}=C" =
Farkas' lemma = either c€ C* , or c ¢ C*

Exercise: Farkas' lemma the father of all separation results: x ¢ X (convex)

= 3 an hyperplane that separates x from X. Discuss.



Farkas' lemma — KKT [8, §12.3][7, p. 342]

> (CQ A) x. optimum = (Vf(x.),d)>0Vd s.t.
(Vgi(x.),d)<0 ie A(x.) , (Vhj(x),d)=0jeJ

23



Farkas’ lemma — KKT [8, §12.3][7, p. 342] 23

> (CQ A) x. optimum = (Vf(x.),d)>0Vd s.t.
(Vgi(x.),d)<0 ie A(x.) , (Vhj(x),d)=0jeJ

=3\ e R*A) and e R#7 st
V(%) + Xieaix ) AiVEi(x) + X e s 1iVhi(x) =0 (GC)

Exercise: check details: why the sign of Vf( x.)? Why u 2 0?7
» Constructive way to prove necessary condition: find A and u

> Karush-Kuhn-Tucker conditions: 3\ € R*” and 1 € R#7 sit.

g(x)<0ieT , h(x)=0jeJ (KKT-F)
VI(x)+ 2 iez AiVEi(x) + 27 1 Vhi(x) =0 (KKT-G)
ZIEI )\,‘g;(X) =0 (KKT—CS)

> (KKT-CS) = Complementary Slackness = \;jgi(x)=0VieZ

Exercise: prove the statement above and explain where (KKT-CS) comes from



The Karush-Kuhn-Tucker Theorem
» KKT Theorem: Tx(x)= Dx(x) A x local optimum = (KKT)

» Optimization = solving systems of nonlinear equations and inequalities
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» KKT Theorem: Tx(x)= Dx(x) A x local optimum = (KKT)

» Optimization = solving systems of nonlinear equations and inequalities

» Tx(x)= Dx(x) crucial: counter-example
min{x : x+(x—12-1<0, %<0}
(x optimum but (KKT) do not hold)

Vgl |V » Condition not necessary: counter-example

min{x; : x}+x3>1} , x=[1,0]

(V£ cannot tell maxima from minima)

> Only safe case: no maxima = (P) convex problem: f convex on X,
X convex <= gi(x) convexVieZ , hj(x) affineVjeJ

» For (P) convex, (KKT) = x global optimum:
(KKT) = (Vf(x),d)>0Vd e Dx(x)and Dx(x)2 Tx(x) 2 Fx(x)
= (Vf(x),d)>0Vde Fx(x) = x global optimum



Outline

A fleeting glimpse to second-order optimality conditions



Towards second-order optimality conditions [8, §12.5][7, p. 344] 25

» (P) not convex = (KKT) not sufficient = have to use second-order
» But clearly cannot be just “V?f(x.) = 0"

» Fundamental concept: Lagrangian function

Lxi A, i) = F(x) + Xieg Nigi( x) + e wihi(x)

x variables, A and p parameters

» Fundamental observation: (x, A, u) satisfies (KKT-G) =
VL(x; A, u)=0 (gradient on x alone)

= x stationary point of L(-; A, u)
» When is stationary point also a minimum?

» One might guess “V2L(x; A\, 1) = 0" to be the answer:

almost, but not quite



Mathematically speaking: Second-order optimality conditions 26

» Assume (x, A, ) satisfies (KKT): critical cone C R”

(Vgi(x),d)=0 ieA(x)st. A\ >0
C(x; A, p)=<cdeR": (Vgi(x),d)<0 i€ A(x)st. \f=0
(Vhi(x),d)=0 ieJ

> (x, A, p) satisfies (KKT) A x satisfies (Linl): x local optimum —-
d™V2L(x; A, p)d >0 VdeC(x; A, pn)

“the Hessian of the Lagrangian function is = 0 on the critical cone”

> (x; A, p) satisfies (KKT) A V2L(x; A, p) = 0on C(x, A, )

= x local optimum (sufficient)
» Conditions for unconstrained optimization a special case (check)

» Hardly anybody cares



Outline

Lagrangian duality



Lagrangian relaxation [8, §12.9][7, §11.9][6, Chap. XII] 27

» Lagrangian function interesting object: objective and constraints together
> (KKT-G) = x stationary point of L(-) for the right A > 0 and p

» Assume we know the right A > 0 and p: can we find x7



Lagrangian relaxation [8, §12.9][7, §11.9][6, Chap. XII] 27

» Lagrangian function interesting object: objective and constraints together
> (KKT-G) = x stationary point of L(-) for the right A > 0 and p
» Assume we know the right A > 0 and p: can we find x7

» Natural idea: solve the Lagrangian relaxation
(Rau) (A, p)=ming {L(x; A\, p) : xeR"}



Lagrangian relaxation [8, §12.9][7, §11.9][6, Chap. XII] 27

» Lagrangian function interesting object: objective and constraints together
> (KKT-G) = x stationary point of L(-) for the right A > 0 and p
» Assume we know the right A > 0 and p: can we find x7

» Natural idea: solve the Lagrangian relaxation
(Rau) (A, p)=ming {L(x; A\, p) : xeR"}

» Er ... "relaxation”? This a Yoga course now perchance?



Lagrangian relaxation [8, §12.9][7, §11.9][6, Chap. XII] 27

» Lagrangian function interesting object: objective and constraints together
> (KKT-G) = x stationary point of L(-) for the right A > 0 and p

» Assume we know the right A > 0 and p: can we find x7

v

Natural idea: solve the Lagrangian relaxation
(Rayu) w(A, p)= minX{L(x; A, p) e XER”}

v

(P) min{f(x) : x € X}, relaxation = another optimization problem

carefully constructed in order to provide a lower bound on v( P)



Lagrangian relaxation [8, §12.9][7, §11.9][6, Chap. XII] 27

» Lagrangian function interesting object: objective and constraints together
> (KKT-G) = x stationary point of L(-) for the right A > 0 and p

» Assume we know the right A > 0 and p: can we find x7

v

Natural idea: solve the Lagrangian relaxation
(Rayu) w(A, p)= minX{L(x; A, p) e XER”}

v

(P) min{f(x) : x € X}, relaxation = another optimization problem

carefully constructed in order to provide a lower bound on v( P)

v

(P) min{f(x) : x € X} a relaxation of (P) = v(P)<wv(P) if
N X2X i) f(x) < f(x)VxeX

v

(Rx,.) is a relaxation of (P) YA >0 and i@ (check) =
weak duality: Vx € X, (A, p) <v(P) < f(x)

v

But how do | choose A > 0 and pu?



The Lagrangian dual 28

» Dual function ¥ is nice-ish:
1. often easy to compute: (R),,) unconstrained problem
2. 1) concave (check), but note that ¥)( A\, 1) = —oco happens
3. X optimal in (Rx,,) = [G(Xx), H(X)] € 0v(\, w) [6, Prop. X11.2.2.2]
4. vp ¢ C' evenif f, gi, h; € C', but X unique optimal solution to (Rx,,.)
= 4 is differentiable in (A, p), Vo(A, p) =[G(x), H(x)] [6, p. 156]

» 1. -3. = 1 “easy” to maximize = Lagrangian dual of (P):
(D) max{w(A, u): AR | peRrVIY

a convex program (not unconstrained, but constraints very easy: A > 0)
that gives a lower bound v( D) < v( P) even if (P) not convex

» No free lunch: ¢(-) = v( R\, ) need be solved to global optimality and
not (necessarily) convex, but if you can do that everything works

even if (P) “ferociously conconvex” (e.g., x € Z" constraints)

» How good is the bound v( D)? When is v( D) = v( P) (“strong duality”)?



Strong Duality <= Convexity [7, p. 352][8, Th. 12.12] 29

> Not always, but yes if (P) convex (and regular)

» (P) convex, x, optimum, Tx(x.)=Dx(x.) = v(D)=v(P)

under regularity, convex programs always have strong duality

» Under further conditions, solving (D) actually solves (P) [8, Th. 12.13]:
(Rx. u.) has unique minumum x, = x, optimum of (P)

Exercise: Suggest conditions on (P) so that (Ry, ) has unique miniumum

» (Rx,,u.) has multiple minima = not all optimal (not even feasible)
but recovering x, from ( A., i, ) most often doable (will see soon)

» Duality a powerful alternative for solving constrained convex problems

» Duality fundamental to compute valid lower bounds for nonconvex problems



Mathematically speaking: Strong duality & convexity 30

» Counter-example: min{ —x? : 0 < x <1}
Lix, \)=—x2+A(x—1)=Xx , ¥(A)=minerL(x, \)
P(A)=-0VIeRE = y(D)=-co<v(P)=-1

» Note: x, =1, Ai:2, /\3:0 — —2x*+)\i—)\§:0 = KKT,

but x* maximum of (R, ,.) (stationary, not minumum)
» Counter-example is nonconvex, convexity (and regularity) does help here

» (P) convex, x, optimum, Tx(x.)= Dx(x.) = v(D)=v(P)
Proof: Since x, optimum, necessary conditions hold
but Tx(x.) = Dx(x.) = 3I[ A, p.] satisfying KKT with x,
Claim: [A., ps ] optimal solution to (D), and (D) = v(P)
x, stationary for (Ry, ..) + everything convex = x, optimal =
V(D) Z (A, pis) = L% Ass i) = F( ) = (D) 2 v(P)

Exercise: prove x, stationary and L(x.; \*, p*) = f(x*)



Economic interpretation of the optimal dual solution 31

>

>

>

(P) min{f(x) : G(x) <0} convex and regular, 3 dual optimal solution A,
(P) = (Py), where (P,) ¢(r)=min{f(x): G(x)<r} R" =R

Every gi(x) < 0 is a resource limiting my output = the money | can save:

how much money would it save me to have € more of resource i?
o(+) convex [6, p. 179], =X\, € 9p(0) = ¢(v) —¢(0) > —(v, A ) (check)
Consider v = u' = buying one more unit of resource i and nothing else

(KKT-CS) = resource i not fully used = M. =0 = ¢(u') > ¢(0):
any more of resource i cannot decrease v(P), has no value to me

M >0 = ¢(u')>¢(0)—AL: v(P) decreases at most AL (may be less)

= maximum price | should buy at (“shadow price") = value of resource i
Useful for sensitivity analysis: what happens if my data is (a bit) wrong
Useful to economists (who would love the world being convex, but it's not)

Very useful for algorithms, will see



Outline

Specialized duals



Lagrangian duals of Linear Programs [8, Ex. 12.11][6, §XI1.3.3] 32

» Cumbersome max / min in Lagrangian dual simplifies to max in special cases

» Linear Program (P) min{cx : Ax>b} =
Lagrangian function L(x; A)=cx+A(b—Ax)=Xb+ (c— I )x =
Lagrangian relaxation (Ry) Ab+ min{(c — AA)x : x € R" } so simple it can

—00 ifc—M#£0

be solved by closed formula  ¥(A)=v(Ry\) = {/\b " M Z 0
if ¢ — =

> (D) max {(A) : A>0} = max{Ab: MA=c,A>0}

a # Linear Program (variables +— constraints) with the same data
Exercise: what is the dual of (D)?
Exercise: what if (P) min{cx : Ax > b, x > 0}? what if it has any form?
» Strong duality = v(D) = v(P) (almost) always holds

Exercise: prove last statement. Why “almost”? Can v( D) > v( P) happen?



Lagrangian duals of Quadratic Programs [8, Ex. 12.12][6, §XI1.3.4] 33

1. Very simple Quadratic Program (QP): (P) min{%[|x|3 : Ax=b}
> Lagrangian function: L(x; pu) = || x|+ p(Ax—b) =
= —pub+[Ru(x) = 1| x|j3+ (pA)x] (singling out what depends on x)
» Dual function () = mingern L(x; 1) = —pb + mingern{ Ru(x) }
VRu(x)=x+pA=0 <= x=—pA = P(p) = —3u (AAT)u — ub
> (D) max{ — Ju"(AAT)u—pb : p€R™} (an unconstrained QP)

2. Strictly convex QP: @ > 0, (P) min { %XTQX +gx : Ax > b}
» Strong duality = v(D) = v(P) (almost) always holds with
(D) max{Ab—2vTQ 'v:M—-v=g,A>0}

Exercise: prove last (P) ~ (D). What would change if (P) had Ax = b?

Exercise: compute (D) when “some variables are not quadratic”: x = [z, w],
objective %zTQz + gz + pw with Q = 0, constraints Az + Ew > b

Exercise: compute (D) when Q > 0 but is singular: what would happen if Q< 0?7



Conic Programs [2, §4.6][11][12] 34
» Conic Program:  (P) min{cx : Ax>k b}

where x >y = x —y € K with K pointed convex cone, e.g.

> K =R/ = sign constraints = Linear Program
>» K=L= {x eER" : x, > \/27;11 x? } = Second-Order Cone Program
> K=S; ={QeR™ : Q=0} = “=" constraints = SemiDefinite Program

or any combination of the three

» Exceedingly smart idea: everything is linear, but the cone is not

= a nonlinear program disguised as a linear one
» Any LP and convex QP is a SOCP, vice-versa is not true

Exercise: prove || x[3/s<t = |[[x,(t—s)/2]||<(t+5s)/2,

discuss why it proves the above statement
» Any SOCP is a SDP, vice-versa is not true

Exercise: prove any SOCP is a SDP, vice-versa not true easy to see, hard to prove



General Conic Dual

» Conic Dual: (D) max{Ab: M =c,A>,o 0}

where KP = {z : (z,v) >0 Vv e K} dual cone
(# definition from before, actually KP = —K°)

» Another Conic Program with the same data (but # cone)

> Except all three cones above are self-dual: KP = K

“the angle at the vertex of the cone is 90 degrees"”
Exercise: prove (P) ~ (D) for general Conic Programs

» Strong duality not always holds, constraint qualification needed

one of the constraints is nonlinear, even if it does not look so

35



SOCP Dual, SDP Dual 36

> “Explicit form” of SOCP: min { ex || Dix—di|| <pix—qi i=1,..., m}
“explicit data” D;, d;, pi, g; (any LP is a SOCP: D; =0, d; = 0)

» SOCP Dual written in terms of explicit data:
max{ E,,-il)\,‘d,'—‘rl/;q; : Z;r;l/\,'D;—‘rl/;p; =c, ||)\, || <vy I = 1,...,m}

> “Explicit form” of SDP: min{cx : 3.7 | ;A" = B }
A, B € RF*k k possibly # n, symmetric but not necessarily > 0

» SDP Dual written in terms of explicit data:
max{(B,/\) (A Ny=c¢ i=1,....,n, N=0, /\ER"X"}
where (A, B) =3, > A;jBj (Frobenius scalar product)

> Close to (but not exactly) “take LP duality and replace > with the other cone”

> In all cases, formal algebraic rules that can be automated [10, 12]



Outline

Ex-post motivations



Ex-post motivation |I: Proximal Bundle Method 37

» Nondifferentiable optimization, Proximal Bundle Method recall:
> {x'} = bundle Z' = {(x", f" =f(x"), g" € OF(x")) }n<i
> fo(x)=max{f" 4+ (g", x—x") : (x", " g") e B}, (CP) model fi, < f
> stabilized (translated) master problem min{ fgz(X+d)—f(X)+pul|d|?/2}

> (%) {g" x = x") = [ = F(2) + (g" X =x") ]+ (g", x = %) =
(gh,d)—ah ol =f(x)—fh—(gh, x —x") > 0 linearization error w.r.t. X

> (PMgsz,) min{v+pu|d|?/2;v>(gh,d)—a" he B} ~

(DMeg z.) [=] min {1/ ()| Zhep 8"0n [ + Xpep a0 : 0 € ©}
with © = {§ e R*# . > hesn =1} unitary simplex (convex)

> 0 optimal for (DM z,) 25 = 1cs8"0; . 05 = 1cpnaf [> 0] =
[v*, d] =[-(/wlz"[| =0, =(1/pu)z"] optimal for (PMz s ,)

Exercise: prove the statements above



Why the dual is useful in Proximal Bundle Methods [5, §3] 38

>

>
>
>

>

Solving (DM x,,,) may be faster than solving (PMz x,.) [3]
0y =0 = (g", a") can be eliminated from % without losing convergence
(z*,0%) is added to ## == everything else can be eliminated

B ={(z",0*)} “poorman’s bundle” = Proximal Bundle ~ subgradient

= slow but with a working stopping criterion (in theory)

Exact stopping condition (extends to approximate): d* =0 A v* =0
=z=0"G=0,0"=0=a"=0Vhst. o} >0

Lagrangian case with H(x) = Ax — bonly: d* =0 = all x"s.t. 65 >0
are optimal for (Ry+) = x. = Y5 x"0; is optimal for (P)

Extends to nonlinear G(x) < 0 & to e-optimal (|| d* || < 4§ , o* <¢)

Exercise: prove the statements above

>

Solving (D) completely equivalent to solving (P) in the convex case,

otherwise solving a convexified relaxation (possibly “tight") [4]



Ex-post motivation Il: Support Vector Machine / Regression 39

» Usual (scalar) learning setup: / = {1,...,m} set of samples =
X =[x € R"];¢; inputs, y = [y’ € R'];c/ outputs, “explain” y from X

v

y' € {1, -1} = classification: Support Vector Machine (SVM)
minws { W+ C[L(w, b) =37, max{1 -y ({w,x") —b), 0}]}

hyperparameter C weighs empiric loss against margin = regularization

» L — objective convex but nondifferentiable

v

Extends to y' arbitrary = Support Vector Regression (SVR)
minu s { | w2+ CLL(w. b) = Y,e max{ | (w.x') —b—yi|—=.0}]}

further hyperparameter ¢ controlling the “insensitivity tube”
(two hyperparameters is not megl che one, grid search cost = grid size?)

> L. = objective still convex but nondifferentiable

v

Very specific nondifferentiability: max of linear functions (recall smoothing)

v

Linear constraints can be better than a nondifferentiable objective



Ex-post motivation Il: Support Vector Machine / Regression 40
» Reformulation of SVM / SVR as a QP via “slack variables” ¢&;
(SYM-P) minype { W[4+ CXi0,& - yiwx' —=b)>1-¢, >0 i€}
(SVR-P) miny e 3llw >+ C Y &
wx' —b—y' —e<&, —wx'+b+y —e<§&,&62>00€el
» Corresponding quadratic duals  (check)
(SVM-D) maxa 3ic) i = 3 2 2jes iy (X', ¥ )y ey

Zielyiai =0
0<u;<C iel
(SVR-D) max, Zie,yia; - 52;.5/ lai| — %Ziel Zjel a,-(x", X >0‘j
2icrai =0
—_ C S [e'H S C iE I

> Primal-dual relationships: w* =", af[y']x’ = classification / regression
of new X with (w*, x) — b* =3, af[y' |(x, x") — b

Exercise: prove how to compute w*, b* from «*, discuss why “support vector”



SVM / SVR: the problem, and the solution
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> (Approximate) linear separability

41



SVM / SVR: the problem, and the solution 41
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> (Approximate) linear separability rare, (approximate) linear regression weak



SVM / SVR: the problem, and the solution 41
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» Idea: embed in larger space
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> (Approximate) linear separability rare, (approximate) linear regression weak

» Idea: embed in larger space nonlinearly, then



SVM / SVR: the problem, and the solution 41
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> (Approximate) linear separability rare, (approximate) linear regression weak

> Idea: embed in larger space nonlinearly, then linear function may work



SVM / SVR: the problem, and the solution 41
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> (Approximate) linear separability rare, (approximate) linear regression weak
> Idea: embed in larger space nonlinearly, then linear function may work

» Doing this effectivey (how to embed) and efficiently nontrivial



Embedding SVM / SVR in a larger space
> ¢ :R" (input space) — F feature space, x' — ¢(x')

> If 7 = RX for k > h, could just re-do (SVM-P) / (SVR-P) in R¥

42



Embedding SVM / SVR in a larger space 42
> ¢ :R" (input space) — F feature space, x' — ¢(x')
> If 7 = RX for k > h, could just re-do (SVM-P) / (SVR-P) in R¥

» k>> h good (larger = easier to linearly fit / separate) and

bad: fitting cost now scales with k rather than h

» Example: w — W =[Q, q] and (w, x) — xT Qx + gx
ellipsoidal separation (not really, @ > 0 not guaranteed)

» Linear??



Embedding SVM / SVR in a larger space

>

>

¢ : R" (input space) — F feature space, x' — ¢(x')
If F =R for k > h, could just re-do (SVM-P) / (SVR-P) in R¥

k> h good (larger = easier to linearly fit / separate) and

bad: fitting cost now scales with k rather than h

Example: w — W =[Q, g] and (w, x) — xT Qx + gx
ellipsoidal separation (not really, @ > 0 not guaranteed)

Linear?? Indeed: x — F = [xx", x] and x"Qx+gx = (W, F)
nonlinearity in mapping ¢, then linear once in F

A good thing: nonlinearity on the data (fixed), then problem “easy”



Embedding SVM / SVR in a larger space 42

>

>

¢ : R" (input space) — F feature space, x' — ¢(x')
If F =R for k > h, could just re-do (SVM-P) / (SVR-P) in R¥

k> h good (larger = easier to linearly fit / separate) and

bad: fitting cost now scales with k rather than h

Example: w — W =[Q, g] and (w, x) — xT Qx + gx
ellipsoidal separation (not really, @ > 0 not guaranteed)

Linear?? Indeed: x — F = [xx", x] and x"Qx+gx = (W, F)
nonlinearity in mapping ¢, then linear once in F

A good thing: nonlinearity on the data (fixed), then problem “easy”
Issue: k € O( h*), cost grows significantly
Even worse: ¢(-) = terms of polynomial of degree > 2 (check)

Even worse: one may want F to be co-dimensional



Why the dual is really useful in SVM / SVR: the kernel trick 43
» (SVM/R-D) require kernel function x(x', x/) = (¢(x'), ¢(x/)) Vi, j

)
» Classify / interpolate new X requires computing {(¢(w* ), ¢(x))
= (Liar o o(x), 6(%)) = Xig af(d(x'), ¢(%)) = iy afn(x', X)
whatever oo-dimensional vector space F is (general properties of (-, -))
= can use k(-,-) for everything, no need to ever compute ¢(-)
» One r computation for each support vector x' s.t. af > 0 (possibly < | /])

» Incredibly clever kernel trick: very large F s.t. x is efficient

> « kernel function for some vector space F <= [ k(x, z)g(x)g(z)dxdz >0
Vg(-) s.t. [ g(x)?dx is finite (Mercier condition), e.g.
> Polynomial Kernel (PK): r(x, z) = ({x, z) +1)* (any k)
> Gaussian Kernel (GK): k(x, z) =e" ! x=z|” / (20%) (any o)
> Sigmoid Kernel (SK): k(x, z) = tanh(o(x, z) + §) (some o, § and X)
> Many specialised kernels for specific data (trees, graphs, strings, ...),
SVR + GK approximates co-ly well any f (€ C° on [x_, x; ]) if #X = o0

Exercise: discuss why, at least in one dimension, this is not surprising
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Wrap up 44

>

>

vV v v v v v Vv Y

Constrained optimality conditions direct generalization of unconstrained ones

Constraints ~~ some very specific algorithmic issues (will see):
> Lagrangian multipliers = (possibly, many) “more variables” (m > n)
» identifying “the right” A C Z, exponential set of candidates
> (KKT-CS) "very nonlinear” even if everything else (f, gi, h;) linear

Lagrangian multipliers ~ Lagrangian duality: powerful, but max / min
Convex ~~ strong duality, nonconvex ~ relaxation (and ¢ “difficult™)
Sometimes “i very easy”, can do away with x = problem only in A,
Sometimes (D) easier than (P) (e.g., m < n)

LP / QP / Conic duality important special cases, easy to use

Dual information can be extremely useful for algorithms & applications
Convex ~ algorithms can work in primal space, dual space or both

Have you said “algorithms”? Yup, let's move on!
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> It is obvious that R” = int(IR" ), hence R" is open. Also, there is no x such
that B(x, r) C 0, hence int(0) = @, thus 0 is also open. Clearly,
S=R" — 9S=0since iz ¢ S; similarly, S =) = 9S = () since
Aw e S. Thus, for both sets S = int(S) and S = 0, thus
c(S)=int(S)UdS=SUD =S, ie, they are both closed [back]

» Trivial: $S=[0,1).0€05and0€S = S # int(S) (not open), but
1€9S = c(S)=[0,1]# S (not closed) [back]

» No: consider S; = (—1/1i,1). Each S; is open, but their intersection for
i=1,...,00is S =0, 1), which is not [back]

» No: consider S; =[0,1—1//]. Each §; is closed, but their union for
i=1,...,00is $§ =10, 1), which is not [back]



Solutions 11 49

» Take any d € Tx(x) and the corresponding two sequences {z; € X } — x and
{t; >0} = 0st.d=lim_o(z—x)/t. Foranya>0sett; =t /a>0:
clearly {t;} = 0 and lim;oo(zi — x) /& = a[limioo(zi — x) / ti] = ad
= ad € Tx(x) [back]

> Since (Vf(x),d) <0 = d#0and Tx(x) is a cone, w.l.o.g. we can
assume || d|| = 1. It must be z; # x for all large enough i: in fact, due to
limiyeod —(zi —x)/ti =0, eventually ||z, — x|| /t; > | d]| —y=1—7
however chosen v > 0; hence, fory =1/2one has ||z, — x|/t >1/2 >0,
that is incompatible with z; = x; = || z; — x|| = 0. From now on, all i have
to be intended large enough that z; # x;
Thisand f(z)—f(x)=(Vf(x),zi—x)+ R(z —x) gives f(z;) — f(x) =
Iz —x IL{VF(x), (zi—x) /| 2= x|[) + Rz — x) / | 22 — x |[]. Now,
vi=(z —x) /| zi— x| clearly has || v; || = 1, and it is “collinear in the limit"
with d. Indeed, using again lim;_..d — (z — x)/t; =0, one has
limjsoo[cos(0;) = (d, vi) /([ d][[[vi)] =limisoo(d, 2z = x/ ||z = x|} =
limioo(d, (zi=x)/ti) /[ (zi=x)/ti|| = || d]]* /|| d[| = 1. Hence,
{vi} = d (in the limit they are collinear, and have the same norm).
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Hence, (Vf(x), vi) < (Vf(x), d) + ¢ for large enough i and any ¢ > 0.
Since (Vf(x),d) <0, take e = —=(Vf(x), d)/2to get that 3h

st. (VF(x),vi)<—e/2<0VYi>h.

Thus, in the sum r; = (Vf(x), v;) + R(z —x) /|| z — x||], the first term is
eventually < —e /2 < 0. But due to the property of the remainder term R(-),
the second term — 0 as i — 0o (= || z; — x|| — 0). Hence, eventually

r; < —e /4 < 0. This finally proves that for all large enough i,

f(z;)—f(x) =1z —x||ri <0 (recall that eventually z; # x) [back]

> fconvex = flax+ (1 —a)z) <af(x)+(1—-a)f(z); thus, (v, x) €
epi(f) = v>f(x)and (w,z)€epi(f) = w>f(z) =
av+(l—a)w>af(x)+(1—-a)f(z)>flax+ (1 —a)z), ie.,
alv,x)+(1—a)(w, z) € epi(f), ie., epi( f) convex
For <, f(x)=min{v : (v, x) € epi( )}, thus epi( f) convex —>
alf(x), x)+(1—a)(f(z),z)€epi(f) = flax+(1—a)z)=
=min{v: (v,ax+(1—a)z)€epi(f)} <af(x)+(1—a)f(z) [back]
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> fconvex = f(ax+ (1 —a)z) <af(x)+ (1 —a)f(z); thus, f(x) < v and
f(z)<v = flax+(1—-a)z) <af(x)+(1—a)f(z) <av+(l—a)v =v,
e, xeS(f,v)andze S(f,v) = ax+(l—a)ze S(f,v) =
S(f, v) convex
For <4, f s.t. S(f, v) convex Y v is quasi-convex. We have already seen in
the univariate case that 3 quasi-convex functions that are not convex [back]

> “from prime principles’. x> 0and a« >0 = ax >0, i.e., R} is a cone;
furthermore, x >0 and z>0 = ax+ (1 —a)z >0, i.e., R] is convex
Alternatively, R = cone( {ut, ..., u" }) u' for i =1,...,n being the
canonical basis of R”, as it is immediate to verify [back]

» Consider C = {x;xx >0 : (x1, x2) € R?}. It is easy to verify that
C= Ri URZ2, i.e, it is the union of the positive and negative hortants in R2.
Obviously x;xo >0 = (ax; )(axa) = a?x1x2 > 0, hence C is a cone. But
C is not convex: in fact, (0,2) € Cand (—2,0) € C, but

2(0,2)+3(-2,0)=(-1,1)¢ C,as —1-1=-1<0 [back]
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» Fori., x € Cand z € C imply that x € C; and z € C; Vi, which implies that
az+ (1 —a)w € G Vi (as they all are convex) and therefore € C
Affine mappings are “very convenient” for convexity, because
Alaz+ (1 —a)w]+b=aAz+ (1 —a)Aw +[ab+ (1 —a)b] =
a[Az+ b] + (1 — a)[Aw + b]. That is, even if an affine function is not linear,
when making a convex combination (as opposed to a generic linear one) the
affine term b can be conveniently managed so that an affine mapping behaves
as a linear one under convex combinations. This immediately proves convexity
foriii., ie,ze Candwe C = az+(1—a)we C, plus Az+be A(C)
and Az+be A(C) = a[Az+b]+ (1 —a)[Aw + b] =
Alaz+ (1 —a)w]+be A(C), ie., A(C) is convex
iv. is analogous: x€ Candz€ C = ax+ (1-—a)w e C and
Ax+be A7Y(C), Az+be AY(C), hence a[Ax + b] + (1 — a)[Az + b] =
=Alax+ (1 —a)z] +be A7Y(C), ie, A7}(C) is convex
ii. and iii. immediately imply v. since ax is a linear mapping and x =z + w is a
linear mapping from R™" — R" [back]
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> de Fx(x) = x+édeX = x+[&/a](ad) € X = ad € Fx(x) however
chosen « > 0, hence Fx(x) is a cone Take any z€ X: x+ (z—x) € X,
hence d = (z — x) € Fx(x) (with £=1), hence X C x + Fx(x) [back]

» Ford € Fx(x), X convex = JE>0s.t. x+ed e XVee|0,Z]. Thus,
for any {€ > t; > 0} — 0 define z; = x + t;d: clearly z; € X, {z } — x and
(Z,'—X)/t;ZdVI., hence d € Fx(X)

To see that Fx(x) # Tx(x) can happen, even with convex X, consider

X =DBy(0,1)CcR?and x =[1, 0]. Obviously, Fx(x) contains all and only
the directions d = [d;, d2] s.t. di < 0, but in addition to all those Tx(x) also
contains all the directions d = [0, d, ], characterising the frontier of the set.
That is, Fx(x) is an open set and Tx(x) is its closure. This clearly has to do
with the fact that 9X is “smooth” around x: in fact, for X = B1(0, 1) one
rather has Fx(x) = cone({[-1,1],[-1, =1]}) = Tx(x)

Hence, X C x+ Fx(x) and Fx(x) C Tx(x) = X Cx+ Tx(x) [back]
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> Consider the nonconvex set X = {0,1}and 0=x€ X. Tx(x)={0}: in
fact, the only way to take a sequence {z; } C X s.t. {z } — 0 is to have
z; = 0 (eventually), so that t; is irrelevant and d = lim;, (2 —x) / t; = 0.
On the other hand, d =1 € Fx(x) (0+ &1 =1 € X for & = 1), which means
that Fx(x) =Ry D Tx(x) [back]

> Assume by contradiction that (Vf(x.), d) >0Vd € Tx(x.) but x, is not
optimum: 3x € X s.t. f(X) < f(x.). Since f is convex on X, and both X and
X, belong to X, one has 0 > f(X) — f(x.) > (VFf(x:), X —x.). But x e X
= X —x.=d € Fx(x.), and since X is convex Fx(x) C Tx(x), hence
d € Tx(x) and therefore (Vf(x.), d) > 0, yielding the contradiction
If f ¢ C!, the contradiction would be found in the same way as long as
(g,d)>0forany g € 9f(x.) and some d € Tx(x, ). Hence, for f ¢ C?
(TCC) reads Vd € Tx(x.) g € Of(x:) s.t. (g, d) >0, or, equivalently,
max{ (g, d) : g € Of(x.)} > 0. This is consistent with the fact that, for
any x, 95(x) > (g, d) Vg € 9f(x). In order for x, to be a (local = global)
optimum, all feasible directions d must not be of descent. But for d not to be
of descent it is enough that (g, d) > 0 for any subgradient g in x, [back]
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> Pick any d € R™: by definition of x € int( X ) one has B(x, ) C X, i.e.,
x+ede X, ie,de Fx(x). Butinfact x+ad e XVac]0,e¢], and
therefore d € Tx(x) without any need for X to be convex: B(x, €) is convex,
and convexity is clearly only needed “close to x" for the definition of a “local”
object such as Tx(x) [back]

> As we know well, min{ (Vf(x),d) : d eR"} =(Vf(x), -Vf(x))=
=—||VF(x)|?><0. If (Vf(x),d)>0Vd then the minimum must be > 0
and therefore = 0, i.e., || VF(x)|| =0 = Vf(x)=0 [back]

> Again: d € Fx(x) = Ad =0, hence Vf(x) = pA =
(VFf(x),d)=(pA,d)=(p,Ad)=0 = (TCC) = x
global optimum since both f and X are convex [back]
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> Dxy 4 d— —AZ Ay - Agtb ] _ [ Agt(b—Anxw) ] _ [ xs
/ 0 XN XN

1
—[AB,AN][ A’V} SLAN) + Ay = —Aw + Ay =0
[back]

» Assume that the rows of A are not linearly independent: for A; the first row
and A all the rest, 3y s.t. Ay =~TA. Let by be the first element of b and b all
the rest: if by = WTE, then the first equation is a linear combination of all the
remaining ones and therefore irrelevant, in that Vx s.t. Ax = b one has
Aix =~TAx =~Tb = b;. Hence, every solution of the restricted system
Ax = b is a solution of the original one (and, obviously, vice-versa), and the
first equation can be discarded; repeating the process if necessary eventually
leaves with a (reduced) A whose rows are linearly independent. If by # 7 b
instead, the original system has no solution. In fact, for any x s.t. Ax = b one
has Ajx =~vTAx =~Tb # by, i.e., it is impossible to satisfy all the equations
at the same time. Hence the problem is provably empty and there is no point
in trying to determine a(n optimal) solution [back]
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» From the first constraint we get z = 1 — x. Plugging this into the second
constraint we get x + w — (1 —x) =2 = w =3 — 2x. Hence, (R) is
min{2x? 4+ (3 — 2x)? + (1 — x)? } = min{ r(x) = 7x> — 14x + 10 }. Imposing
r'(x)=14x —14 =0 gives x = 1, whence z =0 and w = 1.

To verify the correctness of the result we write VF(1,1,0)=1[4,2,0] and
A= i (1) _1 . it is then immediate to verify that p = [2, 2] satisfies
puA=VrF(1,1,0) hence[1,1,0]is optimal [back]

> We prove that x € 9S(gi, 0) = gi(x) = 0 by contradiction: assume
x € 0S(gi, 0) but gi(x) = —e < 0 (the case gij( x) > 0 is analogous): since
g €C'3i>0st g(z)<gi(x)+e/2=-e/2<0VzeB(x,0), ie,
B(x,8)C S(gi,0), ie,xeint(S(g,0)), contradicting x € 95(g;, 0)
The converse implication is not true. Consider the (“ReLU") function
g(x)=max{x,0}. Clearly, g € C° S(g,0)= (-0, 0] and
0S(g,0)={0}, but (say) g(—1) =0 although —1 ¢ S(g, 0). In order for
gi(x) =0 to be a “good proxy” of x € 95(gi, 0), L(g, 0) must be “thin",
i.e., not-full-dimensional. This is hardly a problem in practice, as we can freely
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choose our constraint functions. For instance, h(x) = x is such that
S(h,0)=(—00,0]=5(g,0), but L(h,0)={0}is “properly thin"
[back]

» It is obvious that X = {[0,0]}: x¥ +(xx —1)?-1<0 = (o —1)?<
1-x<1 = x2-20+1<1 = x(x—-2)<0 = x c[0,2]. Coupled
with x; < 0 this gives xo = 0, and therefore x2 +(0—1)?-1<0 = x> <0 =
x1=0. Forgi(xi, %) =x¢ +(x—1)> -1 Vai(x, x) =[2x, 20 - 2]7,
thus Vgl(O, O) = [0, —2]T. For gQ(Xl, X2) = Xo, Vgl(xl, X2) = [0, ].]T
Thus, d =[d;, d»] € Dx([0, 0]) requires both ([d;, d»], [0, —2]) <0
= —2d <0and ([d1, d2],[0,1]) <0 = d» <0, i.e., d» = 0 while
nothing is required on di, hence Dx([0, 0]) is the x; axis as in the picture.
On the other hand, since X = {[0, 0]}, necessarily Tx(x)={[0, 0]} as we
have seen already [back]



Solutions XlI 59

> With E = JH(x), the definition of Dx(x) must also include the equality
constraints Ed = 0; however, these can be represented as the pair of inequality
constraints Ed < 0, (—E)d < 0, that are then assumed to be a part of A in the
statement of the Lemma to simplify the notation [back]

> ccC* =c=)NAforsomeA>0,de C = Ad <0, hence
(c,d)=(ATA,d)= (X, v)<O0since v=Ad <0 and A >0 [back]

» The general separation result states that given a convex set X and a point X,
X ¢ X <= 3 a hyperplane (d, x) = § that separates X from X in the sense
that (d, x) <4 Vx € X (the whole of X fits in the half-space defined by the
hyperplane “in the opposite direction of d”) while (d, X) > ¢ (X lies in the
other half-space defined by the hyperplane, that “in the same direction as d").
In the case of Farkas' lemma, X = C* and X = c. Indeed, the lemma states
that either ¢ € C*, or 3 an hyperplane (d, x) = 0 that separates ¢ from C*,
i.e.,, such that (d,c)>0andde C = (d, x) <0Vx € C* (as we have
already proven). That is, the separating hyperplane in this case is an element
of C (and 6 = 0). Note that the latter = is in fact a <=, since clearly each
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single A; € C* (take A > 0 s.t. A\j =1 while \j = 0 for j # i), hence
(d,x)<0V¥xeC* = (d,A)<0Vi=Ad<0 = de C [back]

» The (TCC) written for Dx( x) requires that (Vf(x),d) >0Vd € Dx(x) =
={d eR": Ad < 0} for properly defined A. The opposite of this condition
is that 3d s.t. Ad <0 and (Vf(x), d) <0. To bring the latter in the right
form for applying Farkas' lemma we need to choose ¢ = —Vf( x), so that the
condition becomes (¢, d) > 0. That not being true (and therefore (TCC)
being verified) thus requires —Vf(x) =c=ATA ie, Vf(x)+ATA=0
As previously recalled, the matrix A in the definition of Dx( x ) must also
include the equality constraints Ed = 0, with E = JH(x ). These are
represented as the pair of inequality constraints Ed < 0, (—E)d < 0, part of
the system Ad < 0. Thus, they have two separate (vectors of ) multipliers
Ay >0 and A_ > 0 (obviously, of the same size), parts of the overall vector .
The corresponding terms in AT A then look like “... AT E + AT(—E)", i.e.,
(AL —A_)TE. Thus, one can just define 4z = AT — A\~ and consider a single
term MTE, except that now the sign of p is undetermined, while of course
expunging AT and A~ from ), that now only contains the multipliers of the
“true inequality” constraints [back]
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> In (GC), the multipliers ); are only defined for the active constraints, i.e., if
gi(x) =0. This is of course only an issue for inequality constraints, since
equality constraints are always active (at feasible points) by definition. Yet, it
would be more convenient if the vector of multipliers was always of the same
size irrespective of the point x that is being considered. This is indeed possible
by always defining a multiplier for each constraint, be it active or not, and then
adding the logical condition “if the constraint is not active, the multiplier is 0”.
This satisfies A; > 0 while making the term A\;Vg;(x) in (KKT-G) to vanish,
and therefore renders (KKT-G) equivalent to (GC). In a feasible x (satisfying
(KKT-F)) one has —gi(x) > 0Vi€Z; since \; >0V i €Z, this implies
> icz il —&i(x)] > 0, since all the terms of the sum are > 0; thus, in order
for (KKT-CS) to be satisfied, they must necessarily be all 0. This proves that
(KKT-CS) (together with (KKT-F)) implies A;gi(x) =0V i € Z, which in turn
proves gi(x) <0 = X; = 0. Hence, (KKT-CS) (together with (KKT-F))
guarantees that gradients of non-active constraints “disappear from (KKT-G)",
thereby making it equivalent to (GC) [back]
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» Clearly, C(x; A, u) = R"; there are no constraints, hence A and p are not
even defined, nor are the linear equality and inequality constraints in the
definition of C(x; A, p). Thus, “V2L(x; X, ) = 0 on the critical cone” is
just “V2L(x) = 0" as in the ordinary second-order optimality conditions for
unconstrained optimization [back]

» By dint of having less constraints (in fact, none), the feasible region of (Ry )
is not smaller than that of (P) (in fact, it being the whole of R" it can hardly
be larger), i.e., i) holds. In f(x)+ (A, G(x))+ (u, H(x)), the objective of
(Ra,p). if x is feasible then H(x) =0 = (u, H(x)) =0, and G(x) <0
= (A, G(x)) <0 (since A > 0); thus, f(x)+ (X, G(x))+ (u, H(x))
< f(x), i.e., i) holds. Hence, (Ry ) is a relaxation of (P) [back]
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» Forany x € R", (A, ) =Ff(x)+ (X, G(x))+ (p, H(x)) is a linear
function in A and p: in fact, since x is fixed, f(x) is a fixed number and
G(x), H(x) are fixed vectors. In other words, “all the nonlinearity of the
function is related to x”: when x is fixed, the function is linear in the other
variables A and p. Thus, ¥( A, ) is the pointwise minimum of all the
(uncountably co-ly many) linear functions /(- ), one for each x € R", and
therefore concave since the pointwise maximum of convex functions is convex:
(A, p)=max{ (X, p) : x€R"} = —min{ (A, p) : x€R"}, (")
are linear thus —/(-) are linear and therefore convex (as well as concave),
hence v(-) is the opposite of a convex function and thus concave [back]

» The obvious condition is L( x; A, p) strictly (<= strongly) convex on x, which
also means that (Ry ) is “easy” (can be solved by local methods). This
implies h; affine, g; convex and at least one among f and the g; strictly (<
strongly) convex. In our applications the g; are invariably affine, hence the
condition becomes f strictly (<= strongly) convex [back]
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> For L(x; A, 1) = F(x) & (X, G(x)) + (s, H(x)), Val(x: A, 1) =
= VI(x)+ 2 ez AiVEi(x) + 2 e 7 15V hi(x); thus Vil (xi; Ay pu ) = 0'is
precisely (KKT-G), i.e., x, is a stationary point for L(-; A, p ), which is
convex because (P) is convex, i.e., f(-) is convex, each g;(-) is convex and
therefore (A, G(-)) is (since A, > 0), and H(-) is affine and therefore
(s, H(:)) is (affine, hence convex, irrespectively on the sign of u.). Hence x,
is a minimum of L(-; Ay, u« ), and therefore optimal for (R .. ): this proves
V(D) = (A pra ) = LOxi; Au, i) = F(x ) +( A G(x) )+ (s H(X)).-
But x, is optimal for (P) hence feasible, therefore H( x. ) = 0; furthermore,
(As, G(x«)) =0 by (KKT-CS). This finally yields L( x«; Ax, p ) = f(x) =
= v(P) > v(D), finishing the proof [back]



Solutions XVIII 65

» For (P;) = min{f(x) : G(x)—r <0}, consider the Lagrangian function
Li(x; A)=Ff(x)+ (X, G(x)—r)y=L(x; X\)— (X, r). Let x, and X\, be
optimal for (Pp) and its dual (Dy), respectively: we know that x, is also
optimal for the Lagrangian relaxation (Ry,) = min,{L(x; A\y) : x e R" }.
But L(x A) and L,(x A) only differ for the term —( A, r), that does not
depend on x: thus, x, is also the optimal solution of the Lagrangian relaxation
(Rrx.) = ming{ L(x; A) : xR} of (P,). Hence, v(P,) > v(R,2,) =
=L( % A ) =L(x; M) = (A, r) =v(Po) — (s, r) [back]

> As it can be expected, it is (P). In fact, rewrite (D) in the same form as (P),
ie, (D)= (P) —min{E\: AA>b}withe=—-b A=[A, —A,/]" and
b=[c",—c",0]": itsdual is (D) —max{wbh : wA=¢, w>0}. Note
that if A € R™xn A ¢ R2m+nxm and therefore w € R2™ 7. We write
w=[x",xt, s](x,xt € R”and s € R™) and plug this into (D) to get
(D) —max{cx™ —cxT i AxT —Axt +s=-b,x >0,xt>0,s>0}.
With some easy algebra and — max{ } = min{ —} we transform this into
(D) min{c(xt —x7) : A(xt —x")—s=b,x >0,x">0,s>0}. We
now substitute the pair of variables x* and x~, both constrained in sign, with
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x = xT — x~ that is not. We then note that, since s > 0 and s does not
appear in the objective (has 0 coefficients there), Ax — s = b is equivalent to

Ax > b. Hence, (D) min{cx : Ax > b} = (P): the dual of the dual is the
primal [back]

» There are two ways develop a dual for a LP in a different form: either one
re-develops the Lagrangian relaxation and the closed formula or, like in previous
exercise, one rewrites the primal in a form for which the dual is known. For
instance, (P) min{cx : Ax>b, x>0} =min{cx : Ax > b} with
AT =[AT [ I]and bT =[b", 0]: plugging this into the (D) formula we
already have gives (D) max{\b : M =c, A >0} with AT = [\, \.]. But
M = M + )\, and since the A\, do not appear (have 0 coefficient) in the
objective they are “slack variables” and they can be eliminated by just rewriting
the problem as (D) max{Ab : M < c, A > 0}: sign constraints on the
primal variables change the dual constraints from equalities to inequalities
This can be generalised by developing a primal-dual correspondence table that
allows to directly derive the dual of an LP written in “any” form, i.e., where
each constraint can be either an equality or an inequality (of both senses) and
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each variable can be either constrained in sign (in both ways) or not; w.l.o.g.,
this can be written

X+
min [ ¢c™ ¢ ]| x”
XO
At AT AT Xt < [ by .
= >
A AT A x| > b |, ;(—28
Ar A A x| = | b =

Again, the trick is to cook up A, b and € that express the same problem
written in a form for which we already know (D). This requires the application
of a few simple tricks of the trade, such as that the (block of) equality
constraint(s) Agx = by is equivalent to the pair Agx < by and Agx > by, and
that A, x < by is equivalent to (—A,)x > (—by), finally yielding
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whose dual is

Y
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>
So

We now have to use other simple tricks of the trade, in particular redefining
y+ = —y4 (hence y; <0) and yo = y5 — ¥, (hence yo = 0), plus eliminating
the slack variables s and s~ by turning the corresponding constraints into
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inequalities (with the appropriate verse): this finally yields a dual problem where
the data has the “natural size” of the primal (no extra rows/columns required)

b
max [ yy y- yo || b-
bo
At AT A
[y v w || AL AD AL
AF AT A0 Y+§O
0 0 0 ) yﬁZO
AlVE

thereby proving the validity of the general primal-dual correspondence table
max‘c‘b‘A;xgb; A,-be,-‘A,-x:b,- x; >0 \ x <0 \ xj 20
min[b[c[ y>0 [ yi<0 | yi20 [YA>g[yA<qg[yA =g

where, as usual, A; and A are, respectively, the /-th row and the j-th column
of the coefficients matrix A [back]
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> An LP is convex, and clearly regular as (AffC) trivially holds: thus, provided
that (P) has an optimal solution x,, then (D) has an optimal solution A, and
strong duality holds, i.e., cx,. = A.b, as a consequence of the general result.
Since (D) is also an LP and its dual is (P) [see previous exercise]|, we can apply
the result to (D) to prove that 3\, = I x,: thus, strong duality always
holds whenever at least one of the two LPs has an optimal solution. To find
cases where strong duality fails we therefore have to require at least one of the
problems is empty, but one is not enough. In fact, if (P) is unbounded below,
i.e., v(P) = —oo, then by weak duality (D) must be empty (every feasible
solution to (D) provides a finite lower bound to v(P)), i.e., v(D) = —oc0 as
well by the definition of the maximum over an empty set. Of course this works
symmetrically if (D) is unbounded ((P) must be empty), hence strong duality
holds (albeit in a sort of “degenerate” way where optimal values are infinite) in
those cases as well. Yet, another case remains: that where both (P) and (D)
are empty. This is indeed possible, one example being

cz[o,llﬁ‘:{i 8] ’ b:{_i]

ie, (P) min{xx : xy < -1, —x; < -1} and
(D) max{ =1 —X2; A1 =X =0,0=1, A\ >0, A, >0}. Itisimmediately
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obvious that both (P) and (D) are empty, hence v(P) = 400 > —oo = v(D),
i.e., strong duality “falls spectacularly”. This is a rather extreme case, though,
that hardly ever occurs in practice. It is tied to the fact that (P) "“is at the
same time empty and unbounded”: it would be unbounded due to the variable
x if it were possible to find any feasible value for x;, which is not [back]

> L(x;A)=3xTQx+gx+A(b—Ax) = Ab+[Ry(x) = xTQx+(g—AA)x].
Hence, VR\(x) = @x+g— XA =0 = x = Q!(g— MA). Rather than
directly plugging this into Ry( x ), one gets a more compact formula by defining
v=g—A = x=Q lv. Then, R\(Q7lv) = %VTQ*TQQ’lv +vQ 1y =

= —%VTQflv, which yields the announced (D)

If the constraints had been Ax = b, not much would change except that we

would have the unconstrained p in place of A > 0 all along, hence (D) would

look the same save for the > 0 constraint [back]
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» This is basically the sum of a QP with strictly convex @ and of an LP. Thus,
L(z wiA)=22TQz+qz+pw+ANb—Az—Ew)=Ab+[R\(z) =
TQz+(q M)z]+ [Ra(w) = (p—AE)w]. As in the LP case,
m|n|m|2|ng Rx(w ), which is linear, yields —co unless p — AE = 0, in which
case it yields 0. As in the previous exercise, minimizing R\(z) yields z= Qv
where v = g — M\A and RA( Qlv)= —fvTQ v. All in all,
(D) max{Ab—ZvTQ! )\E—p,)\A—V—q,)\EO} [back]

> The start is identical to the first exercise in the slide: L(x; A\) =
=IxTQx+gx+ AN(b— Ax) = Ab+ [Ra(x) = 3xTQx + (g — AA)x].
However, VR\(x) = Q@x + g — AA = 0 no longer has a closed formula that
allows to do away with x: hence, one has to leave x in the formulation. Yet,
the usual trick works for simplifying the objective %XTQX + (g — MA)x: since
g — M = —Qx, multiplying by x we obtain (g — M )x = —xT @x, and
therefore 2x7 Qx + (g — M )x = —3xT Qx. This is crucial on two accounts:
first it yields a concave quadratic term in the objective, that is maximised, and
second it does away with the bilinear term AAx. All in all, we obtain

(D) max{)\b—%xTQx : Qx—i—q—)\A:O,)\ZO}
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Note that the x variables in (D) are formally distinct from those in (P)

If @ 0, the above development fails in that @x + g — AMA = 0 is no longer
equivalent to “x is a minimum of Ry(x) = %XTQX +(g—AA)X". In fact, Q
then has directions of negative curvature, along which R)( x) is unbounded
below: hence, )(A) = —co VA = v(D) = —c0, as we have already seen
happening in the example min{ —x? : 0 < x < 1}. This does not mean that
Lagrangian techniques cannot be used in nonconvex problems, far from it: but
(very roughly speaking) one have to use partial Lagrangian relaxations where
not all the constraints are relaxed, so that ¢/(A) > —oo may happen. We will
not be able to delve further into this idea [back]

» It is obvious that a SOCP constraint of a vector in R! (a single variable) is
x >0, i.e., a sign constraint: thus, any LP is a SOCP. Also,
||[x, (t—s) /2]|| <(t+s)/2 = \/||><H2 (t—s)2/4<(t+s)/2 =
Ixl5+(t=s)?/4<(t+s)*/4 = |[x|3<ts = | x[3/s<tifs>0
(and it actually works if s = 0, too, written in the form || x |3 < ts)
Used with s = 1, this proves that one can transform a convex quadratic
constraint into a conic one: while || x |3 is only the simplest of convex
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quadratic functions, it can be used to construct any convex quadratic function
via an appropriate affine mapping. Indeed, let @ = RR: x" Qx = || z||3 with
Rx = z, and affine mappings can always be represented in a SOCP (they are
linear constraints) by adding new variables if necessary. Similarly, t can be
transformed to any linear form. In fact, this is necessary already to bring the
above form to the “standard” SOCP definition, with [x, w, z] the vector of
variables (in this order), w = (t—s)/2and z=(t+s)/2
Conversely, it is obvious as x? / s is not a standard convex quadratic function.
Actually, x? /s — t < 0 can be written as the quadratic constraint x> — ts < 0,
but that quadratic function is easily seen not to be convex: in fact, its Hessian
2 0 0
isQ=1]0 0 —1 | whose eigenvalues are 2, 1 and —1 [back]
0 -1 0
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> Let A\; and )\, be the eigenvalues of any symmetric real 2 x 2 matrix

Q= i Z o it is well-known that tr( Q) = a+ b = A1 + A2, while

det( @) = A1 Xo. It is also obvious that @ =0 = a>0 A b >0, for
otherwise it is trivial to find v € RZ s.t. v Qv < 0. Thus, Q - 0 —

tr( Q) = A1 + X2 > 0. As the conditions a > 0 A b > 0 are necessary anyway,
Q>0 = det(Q) >0, since two numbers whose sum is > 0 are both > 0
<= their product is also > 0. Hence, Q =0 = a>0A b>0A
det(Q)=ab—c?>0 = ab> c?: but we have seen in the previous exercise
that all these conditions are SOCP-representable, hence any SOCP is a SDP
[back]
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> To apply Lagrangian duality we rewrite (P) min{cx : v=Ax—b, v >, 0}
and then we consider its partial Lagrangian relaxation w.r.t. the linear
constraints only: (Ry) min{cx+ A(v+b—Ax) : v >, 0}. Due to the
linearity of the objective, (R)) decomposes into two independent problems:
min{ (c —AA)x : xeR"} and min{Av : v>k 0} = min{Av :veK}
(plus the constant term Ab). The first is exactly the same as in the LP case
and it gives rise to the constraint AA = c. The second is a problem with a
constraint in a cone, and therefore “rather prone to be unbounded below”. In
fact, if there exists any v € K s.t. Av < 0, then the second problem is
unbounded below, as by definition of cone av € K Va > 0. Thus, the second
problem is unbounded below unless there is no such ¥: in other words, it must
be Av > 0V v € K, which by definition corresponds to A € K. All in all this
gives the announced (D) max{\b : M =c, A € KP}. It is easy to see how
this proof is a very direct generalization of that for LPs [back]
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» (PMgsx,) min{v+uld|?/2: uv— Gd > —a}, where G is the matrix
having all the g as rows, « is the vector having all the o’ as entries, and u is
the all-1 vector. This is a QP with “some quadratic and some linear variables”
and whose quadratic variables have strictly convex Q [= u/], as we have seen in
a previous exercise: plugging the data of (PMz % ,,) in the formula we obtained
then gives max{ 0(—a) — v’ Qv : Qu=1,0(-G)—v=0,0>0} =
—min{ ﬁ||96||2+a9 0@t withO={0>0:0u=1}. The map
between the optimal primal and dual solutions comes first from (KKT-G) of the
d variables, i.e., 0*G = =V4f(d*) = —pd* = d* =—(1/u)[6*G] (note
that in the derivation of KKT the constraints are written as G(x) < 0, which
explains why it is “0*G" rather than “0*(—G)"). Then, (KKT-CS) gives
O luv* — Gd* + o] =0 = v* = 0*Gd* — ab* (since P*u=1) =
vi=—(1/ )] 0*G | — af* [< 0] [back]
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> The setting is that of using a proximal bundle method to minimize the convex

dual function v(Ry) = @(A) = max{L(x; A) =f(x)+AN(Ax—b) : xeR"}
of the original problem (P) max{f(x) : Ax=b, x € R"}, with concave f.
Here, iterates A" produce optimal solutions x” of (Rys) that give ¢( A") in the
obvious way and Ax" — b = g" € 9p(A"). Thus, for linearization errors
w.r.t. the stability centre \ (and the corresponding optimal solution X of (Ry)),
one has o/ = p(A) — (A") — (Ax" — b, A= A") =

F(X)+ MAX—b) — F(x") = A(Ax" — b) — (Ax" — b, A= \") =

f(x)+ (Axf ) — F(x") = XN(Ax" —b) = L(%; \) - L(x"; ) >0.
Hence, a" =0 <= & and x" have the same objective value in the Lagrangian
relaxation w.r.t. \, and since X is optimal for (R5) this implies that x" is
optimal as well, as announced. Then, when X is proven optimal by d*
7*=0=60"G=0=),.,8"0;,=0= 3, 4(Ax"—b)o; =0
AY ez X"0r = b 0r = Ax® =bfor x, =3, 5 x"05, x* is a feasible
solution of (P) and p(A) > L(x*; X) = f( )+ MAX* —b) == f(x*).
But since f i |s concave, and \ is optlmal x* is also optimal for (Ry): in fact,
o*=0=a"=0 = L(x;))=L(x )\)Vhst op >0, hencego(A)
= L(%5R) = S OrL(x" s 3) = Y OpF(x") + X g OGA(AXP — b) =

0 =
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Dohea b (X") + A4z 0h(AX" — b) = Ehe@GZf(Xh) + MAX" —b) =
Sones Oif(x") < f(x*) (by concavity). Thus, f(x*) = (A

> v(P) > f(x*): x* is optimal for (P) and X is optlmal for (
The proof actually shows that d* =0 = z* =0 and ¢* < € means that x* is
g-optimal, and that || z* || <0 = || Ax* — b|| <, i.e.,, x* is approximately
feasible (which is all that can be required from a numerical algorithm). Since it
can be shown that ¢* — 0 and || z* || = 0 as h — oo, bundle methods are able
to (asymptotically) provide optimal solutions to (P). This is also true for
convex nonlinear G(x) < 0: the fundamental steps are that, due to the
constraints A > 0 in (D), the optimality condltlon is not on d* but on its
projection over the active constraints, i.e., dj = 0 if \; = 0 and di < 0 while

d; = d; otherwise, and that this implies G(x* ) <0 (via conveX|ty) [back]
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> (SVM-P) is mln{Cug—i—HwH /2 &+ YXw—yb>u §>0} where X is
the matrix having the x’ as rows, y is the vector having the y' as entries, Y =
diag(y ) and v is the all-1 vector. This is again a QP with “some linear-only
variables” and whose “quadratic variables” have strictly convex Q [= /]:
plugging the data of (SVM-P) in the formula we obtained in the previous
exercise yields
max{au—||v|?/2 :a+s=Cu,ay=0,aYX—-v=0,a>0,5s>0}
The dual variables s of the £ > 0 constraints have no cost, i.e., they are slack
variables and can be eliminated by changing the first constraints to o < Cu.
This yields the desired max{ au —aTY(X"X)Ya /2 : ay=0,0<a < Cu}
by just substituting away v. With the same notation, (SVR-P) is
min{ Cué+||wl?/2 : E—Xw+bu> —y—cu, E+Xw—bu>y—cu, >0}
and therefore its dual is
max ot (—y — cu) +a~(y — cu) — || v]? /2

at+a +s=_Cu

—a™X+a X-v=0

atu—a u=0

a‘ZO,oﬁZO,szO
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with o the multipliers of the first set of constraints, o~ those of the second,
and s those of £ > 0. Again, the slack variable s can be eliminated by making
the constraint a < one. Then, the problem can be written in term of

a=at —a” and |a| = a4+ a~ (the latter being the element-wise absolute
value vector), since in each optimal solution at least one between ozfr and a; is
0 for each /. Indeed, if one had, say, af > a; >0, doing a;’ — af —a; and
a; < 0 the value of all terms a;” — ;' does not change while the value of all
terms o 4+ «; decreases, hence the new solution is feasible (if the original one
was) and it has a smaller objective value; thus the original solution could not
be optimal. All in all, the dual can be rewritten

max{ ay —eu|f|—aT (X" X)a /2 : —Cu < a < Cu, au =0}, which is not a
QP but can easily be transformed into one by rewriting min{ | x| } as

min{v : v > x, v > —x}. This requires one new variable for each «;, and
therefore yields a QP with as many variables as the original form (sans the s):
however, in this form “half of the variables do not appear in the quadratic
term”, which is in general convenient [back]



Solutions XXXVI 83

> As previously seen in the Proximal Bundle case, (KKT-G) on the variables w
gives [V -[? /2](w*) — a* YW = 0 for SVM and
[VI-I?/2](w*) = (a™ —a™ )W =0 for SVR (recall that constraints need
be written as <, which explains the change in sign to YW and W). Computing
b* requires using (KKT-CS): for any i s.t. @ = 0 the corresponding constraint
y'(wx" — b) > 1 —¢& in (SVM-P) must be satisfied as equality, and if also
af < C then & = 0 (recall that s; is the dual variable of a; < C), which gives
y'(w*x' — b*) = 1 that allows to compute b* once w* is obtained out of a* (if
0 < af < C happens for multiple i it may be a good idea numerically to
compute b* multiple times and take the average). Alternatively, if the solver
provides (as it should) dual variables, b is just the dual variable of the ay =0
constraint. Similarly for (SVR-P), w*x’ — b* — y; — & = 0 whenever
C>af>0(=C>a">0anda; *=0)and —w*x' +b* +y; —c=0
whenever —C < o <0 (= C >a; " >0and a]"" = 0); or fetch the dual
variable of the cu = 0 constraint from the solver. This discussion justifies the
“support vector’ moniker. Starting from SVR, the points x' s.t. 0 < af < C
are those that are correctly classified (£ = 0) and that “lie on the boundary”
of the two parallel classifying hyperplanes, i.e., w*x’ — b* =1 or
w*x" — b* = —1. These are called “supporting vectors’ of the hyperplane, and



Solutions XXXVII 84

surely at least one exists (at least one point of one class will be correctly
classified, and there is no point in having them all strictly in the interior of the
classification zone). Eliminating all other points would not change the optimal
dual solution o*, and therefore nor w* and b*. Thus, like in the Proximal
Bundle case, the dual optimal solution provides information about which points
are “important” for the current classification (depending on the current choice
of C). A similar description holds for SVR the support hyperplanes are those
on the border of the “insensitivity zone” [y’ — ¢, y' + €], picture two lines
parallel to the graph of the function to be mterpolated, one lifted above by ¢
and one below by the same amount. Since they are “on the border” they are
correctly interpolated (£¥ = 0), and are the ones which characterise the
predicted function in the sense that even if all the other ones are removed from
the fitting problem, the function remains the same [back]
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> Assume we want to classify / interpolate using a cubic polynomial: we can map
X = [xj]i=1,...,» onto the vector having all possible h(h — 1)(h —2) /6 triples
XpXqXm plus all possible h(h — 1) /2 pairs x,x4 plus all individual entries x;
thus, the corresponding w would have O( h*) entries. In general, a polynomial
of degree k would entail O( h*) entries [back]

» Each term k(x, x') = e lIx=¥ /(9% is 1 for x = x', but it will vanish
quickly (the more so the more o is small) as x drifts away from x'. Thus, any
function f(x) could in principle be replicated with arbitrarily high accuracy by,
roughly speaking, having “uncountably co-ly many” terms x(x, x' ) in the
sum, one for each x’ € R, with af = f(x’) + b*, and an “infinitely small o".
Note that the constraint ), a; = 0 is satisfied by taking b* = — [ f(x)dXx,
provided of course that the integral is finite, which is guaranteed to hold if
f € C° and restricted to a finite interval [x_, x; ]. Thus, over any such finite
interval, an appropriately large (but finite) number of support “vectors” x' € R
and an appropriately small (but finite) o should reasonably be able to
reproduce any continuous function f. Of course this comes at the cost of a
“very large data set” and it is very likely to result in “overfitting”, i.e., it is not
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a good solution in terms of the bias/variance dilemma. Furthermore, this does
not imply that SVR with Gaussian kernel is a universal approximator in the
strong sense envisioned by ML, unlike, e.g., Neural Networks [13] [back]
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