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Introduction

In these lecture notes, we will illustrate some basic concepts in topo-
logical data analysis. To do so, we must first introduce the notions of
abstract and geometric simplicial complexes and their main proper-
ties, and describe how simplicial complexes can be associated with
point clouds in Euclidean space, in order to geometrically structure
the information represented by such clouds. We will then introduce
simplicial homology with coefficients in Z, and use it to study the
qualitative properties of the previously defined simplicial complexes.
This will allow us to introduce some elementary concepts in Topolog-
ical Data Analysis, based on the material presented in the first part
of these notes. Specifically, we will present the concept of persistence
diagrams and their applications to shape description. At the conclu-
sion of the course, we will show how the invariance of persistence
diagrams can be refined using Group Equivariant Non-Expansive
Operators (GENEOs). The use of GENEOs in Machine Learning will
also be briefly illustrated. The course will prioritize practical appli-
cations over theoretical aspects, often citing results without formal
proofs. The main reference is the book [Herbert Edelsbrunner and
John Harer (2010)]". For the sake of completeness, these notes contain
much more material than will actually be used in the course. The
course requires knowledge of basic concepts in algebra and linear
algebra.

* Herbert Edelsbrunner and John Harer.
Computational Topology - an Introduction.
American Mathematical Society, 2010.
ISBN 978-0-8218-4925-5. URL http:
//www.ams.org/bookstore-getitem/
item=MBK- 69


http://www.ams.org/bookstore-getitem/item=MBK-69
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http://www.ams.org/bookstore-getitem/item=MBK-69




Finite Simplicial Complexes

Finite Geometric Simplicial Complexes

Definition 1. Let ug, ..., ux € R and Ay, ..., A € R, with E?:O A= 1
The point p = Z?:o Aju; is called an affine combination of uy, . .., uy with
coefficients Ag, ..., A € R.

Definition 2. The set of all affine combinations of the points uy, ..., u; €
RY is called the affine hull of ug, ..., Ug.

Definition 3. The points uy, . .., u; € RY are called affinely independent
if this implication holds for (Ag, ..., M), (Ho,- - -, 1x) € REFL YK A, =
Zif:o i =1A Zi‘(:o Au; = Zi'(:o piu; = A; = p; for every index i. If
the points uy, ..., ux € R? are not affinely independent, then they are called
affinely dependent.

Remark 1. It is trivial to check that the definition of affinely independent
points does not depend on the ordering of the points.

Proposition 1. The points u, . .., u; € RY are affinely independent if and
only if the vectors uy — uy, . .., ux — g are linearly independent.

Proof. =) From the equality Zle Ai(u; — ug) = 0 it follows that
ug + Y5 Ai(u; — ug) = uo. Hence (1 -y, Ai) Uy + Aquq +
oo+ Mg = lug + Oug + ... + Ouy. Since uy, .. ., uy are affinely
independent, Ay = ... = Ay = 0. Therefore, the vectors u; —
uo, . .., ux — up are linearly independent.

<) Let us assume Zi‘(:o Ay = Z?:o uiu; with Z;‘:O A= Z?:O Ui =
1. Then, (Z?:O )Ll'ui) — Uy = (Zi’c:() yiui) — Ugp. Since E?:O /\i =
Ei'(:() ui = 1, it follows that Ei‘{:O A — Ei'(:() Ajug = Z?:O Hiu; —
E?:o Hillg, so that Zi‘(:1 Ai(u; —up) = Z?:l pi(u; — up). Since the
vectors uj — u, ..., Ux — g are linearly independent, we have that
A1 = M1,..., Ak = Hg. From the equality Zi‘{:o A= Z?:O ui =1,it
follows that Ay = pg. Therefore, the points uy, ..., uy are affinely
independent.

O
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Before proceeding, we recall these two definitions:

* A convex subset of a vector space X is a subset S of X such that

x1,x €S5,t€(0,1] = (1—t)x;+txp €8S.

* A compact subset of R" (or a space Y homeomorphic to R") is
a closed and bounded subset of IR” (or Y). We recall that each
compact set C C Y has this property: if {U;};; is an infinite
family of open subsets of Y such that C C |J;¢; Uj, then a finite
subfamily {Uj,,...,U;, } exists, such that C C Uy_; U;,.

Corollary 1. The points uy, ..., ux € R? are affinely dependent if and only
if there exists an affine space of dimension k — 1 that contains them.

Proof. It immediately follows from Proposition 1, by observing that
the smallest affine space containing uy, . .., u; has the dimension of
the vector space generated by the vectors u; — uy, ..., ux — ug, since
any point in such a space can be represented as g + YX_; A;(u; — tg)
for suitable values of Aq, ..., A. O

Definition 4. Each affine combination p = Z?:O Aju; with nonnegative
coefficients is called a convex combination of uy, . . ., uy.

Definition 5. If U C R, the set conv U of all convex combinations of
points of U is called the convex hull of U. If U = {uy, ..., ux}, we will
often write (uy, ..., uy) in place of conv U.

Exercise 1. Prove that (uy, ..., uy) is the smallest convex set containing
ug, ..., Ug.

Definition 6. The convex hull o of k + 1 affinitely independent points is
called a geometric k-simplex. The number k is called the dimension of
the geometric simplex o.

We say that the empty set is the unique —1-simplex. In this text,
with abuse of notation, we will often denote the 0-simplex {u} by u.

Exercise 2. Prove that each simplex is compact and convex.

Definition 7. If ¢ = (uy,...,ux) is a simplex, the convex hull of any
subset of {uo, ..., uy} is called a face of 0. If T is a face of o we write T <
ogloro > 1) Ift < cand T # 0), we say that T is a proper face of &
and write T < o (or ¢ > 7). If T is a (proper) face of o, we say that o is a
(proper) coface of T.

NB: The empty set is a face of any simplex.

Definition 8. The (set) boundary bd o of a simplex o is the union of all
proper faces of 0. The interior int o of ¢ is the set o \ bd o



FINITE SIMPLICIAL COMPLEXES

Definition 9. A (finite) geometric simplicial complex is a finite set
K # {@} of simplexes such that

1. ifc € Kand t < o, then t € K;
2. ifoy,00 €K, then oy Nop < oy and o Noy < 0y,

The dimension of a geometric simplicial complex is the maximum
dimension of any of its simplexes.

Definition 10. The body |K| of a geometric simplicial complex K is the
union of all simplexes in K, endowed with the topology induced by the
Euclidean topology in R?.

Exercise 3. Prove that the body of each geometric simplicial complex is
compact.

Definition 11. Let K be a geometric simplicial complex. Every geometric
simplicial complex L such that L C K is called a subcomplex of K.

Definition 12. Let K be a geometric simplicial complex. Its subcomplex
KU := {0 € K : dimo < j} is called the j-skeleton of K. K9 is called the
vertex set of K and denoted by the symbol Vert K.

Finite Abstract Simplicial Complexes

Definition 13. A (finite) abstract simplicial complex is a finite family

A # {Q} of sets such that ifa € Aand p C athen p € A. Each
element of an abstract simplicial complex is called an abstract simplex. The
dimension of an abstract simplex & € A is card @ — 1. The dimension
of an abstract simplicial complex A is the value max{dima : « € A}.
Any (proper) subset of « € A is called a (proper) face of . The union of
the abstract simplexes of A is called the vertex set of A, and denoted by the
symbol Vert A.

Exercise 4. Prove that each abstract simplex is a finite set.

Definition 14. Let A be an abstract simplicial complex. Every abstract
simplicial complex B such that B C A is called a subcomplex of A.

Definition 15. Two abstract simplicial complexes A, B are isomorphic if
there exists a bijection ¢ : Vert A — Vert B such that o« € A implies that
¢(a) ;= {¢(a):a € a} € Band B € B implies that 9~ (B) := {@~1(b) :
b € B} € A . Themap ¢ : A — B induced by the map ¢ is called an
isomorphism between the abstract simplicial complexes A, B.

Proposition 2. Let K be a geometric simplicial complex. Let Ab(K) be
the set whose elements are the subsets {u, ..., u;} of Vert K such that
(ug, ..., ux) € K. Then Ab(K) is an abstract simplicial complex, and is
called the vertex scheme of K.

Proof. Trivial. O

13
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Geometric realizations of Abstract Simplicial Complexes

Definition 16. Let K be a geometric simplicial complex. If an abstract
simplicial complex B is isomorphic to Ab(K), then K is called a geometric
realization of B.

Geometric Realization Theorem

Theorem 1 (Geometric Realization Theorem). Every abstract simplicial
complex A of dimension d has a geometric realization in R?¥+1,

Proof. First of all, let us prove that for every set {ap, ..., a,_1} a map
f:{ag,...,ai_1} — R**1 exists, such that the following property
holds: (%) if S C {ay,...,ar_1} and card S < 2d + 2, then the points
in f(S) are affinely independent. If (x) holds, we say that f is a good
embedding map for {ay,...,a,_1}. We observe that f is injective.

Let us prove () by induction on the cardinality k. The state-
ment is trivial for k < 2d 4 2, since we can consider the map f :
{ag, ..., a1} — R*™*! taking ag to 0 and each other point 4; to ¢;,
where e, ..., ep411 is the canonical basis of R%*1, Let us now as-
sume that the statement is true for k = n > 2d 4 2, and prove that
it is also true for k = n + 1. Therefore, assume thatk = n + 1,
and consider the set {ag,...,a,_1} = {ag,...,a,}. Let us now
build a good embedding map f’ for {ao,...,a,_1} and denote by
C the set given by the union of the affine 2d-dimensional subspaces
of R?*1 that contain at least (but in fact exactly) 24 + 1 points of
f'({ao,...,a,-1}). We observe that set of these subspaces is finite.
Therefore, C is a proper subset of R?*1, and hence there exists a
w € R**1\ C. Let us take the map f : {ag,...,a,} — R*T! that
extends f" and is defined by setting f(a,) = w. We claim that f
is a good embedding map for {ay, ..., a,}. If this were not true, a
subset S of {ay, ...,a,} would exist, such that card S < 2d + 2 and
£(S) is an affinely dependent set. Up to a possible extension of S, we

can assume that S = {ﬂio, .. }. Then, because of Corollary 1,

iy
there exists a 2d-dimensional affine subspace containing the points

flai)) = f'(aiy),..., f(ai,,) = f'(ai,) and the point f(a;,, ) = w,
against the assumption w € R?*1\ C.

Therefore, (*) holds for k = n + 1. This concludes the proof of ()
by induction.

Let us now consider a good embedding map f for A, and the
set K of all the convex hulls of the sets f(«a) for « € A. We have to
prove that 1) K is a geometric simplicial complex and 2) Ab(K) is
isomorphic to A. Let us now prove these two statements.

1) Let 0q,02 € K. The definition of K implies that a1, x, € A exist,
such that oy is the convex hull of f(«1) and o7 is the convex hull of
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f(ap). If x € 07 N0y, we can write

x= Y, Af(a)+ ), Aif(a))

aicaNay IlelX] \062

and

x = Z uif (a;) + Z pnf (an)

aicuyNag ahEDéz\al

where all coefficients are nonnegative and

Yoo+ Y A=Y wit+ Y m =1.

ajcaNay ajca\ay aica;Nay ap€an\aq

It follows that

Yo Aif(a)+ Y Af(ap)+ Y. Of(ay)

a; €07 Ny ajea\ay apan\ag
- Yo omif(a)+ Y, Of(aj)+ ), muf(ap).
a;€a1 Ny ajcar\ap ap€an\ag

Since card a1 Uap < 2d + 2 (we recall that dimaq, dima, <
dim A < d, and hence card a1, card ap < d + 1), the points of
f (a1 Uay) are affinely independent, and hence the coefficients in
the first sum are correspondingly equal to the coefficients in the
second sum. In particular, A; = 0 for a; € a; \ ap. Therefore,

X = Ygcana Aif (i), with A; > 0 for every a; € a; Nay and
Yacain, Ai = 1. Since this equality holds for every x € o1 N oy,
then 07 Ny C conv f(ag Nay).

Since conv f(a1 Nay) C conv f(a1) = 01 and conv f(ag Nay) C
conv f(ap) = 03, the other inclusion conv f(a; Nay) C g N0y is
trivial. Hence, 07 N0y = conv f(a; Nay). Therefore, 01 N0y is a
simplex of K and a common face of o7 and 5.

If ¢ € K, then we can find « C Vert A such that ¢ = conv f(«). If
T < 0, then there exists Y C f(a) such that T = conv Y. If we set
B := f~1(Y), we have that T = conv f(B) with B C «. This proves
that T is a simplex of K.

In conclusion, K is a geometric simplicial complex.
2) Itis easy to check that the map that takes each {a;,,...,a; } € A

to {f(a;,), ..., f(a;)} € Ab(K) is an isomorphism between A and
Ab(K).
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Simple Graphs

Definition 17. A (simple) graph G is an abstract or geometric simpli-
cial complex of dimension d < 1. The 0-simplexes and the 1-simplexes of
a graph are respectively called vertexes and edges of the graph. The ver-
texes of a 1-simplex in G are called adjacent in G. If any pair of distinct
vertexes of the graph G are adjacent in G, we say that G is complete. Any
sequence ((P1, Py), (P2, P3),...,(Py—1,Pu), (Pu, Pyi1)) of edges in G with
card {Py,..., Py} = nand P, = Py is called a (regular) cycle. Any
vertex that is a face of exactly one edge is called a leaf.

In this section, we will need the following Definition 18 and
Proposition 3.

Definition 18. Let T be a graph in R?. Any (bounded or unbounded) con-
nected component of the set R? \ |T| is called a region for T (see Figure 1).

Figure 1: A graph in R?, its bounded
regions (in yellow, orange and red), and
its unbounded region (in green).

In the following, if I is graph in R2, we will set cr, vr, er, T equal
to the number of connected components of |T'|, vertexes of I, edges
of I, and regions for I', respectively. Sometimes, when I' is clear from
the context, we will omit the index I' in the symbols cr, vr, er, 1.

Proposition 3. Let I be a graph in R?. Then vr —er + 11 = cr + 1.

Proof. If the statement of Proposition 3 is false, we can find a coun-
terexample I (i.e., vr —er + 11 # cr + 1) such that the value vr + er is
minimal.

Firstly, we observe that there exists no vertex P of I, such that P
is a face of exactly one edge a (i.e., I' does not contain any leaf). Oth-
erwise we could remove both 2 and P, and obtain a new geometric
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simplicial complex [ with cpg =cr,vp =or—1l,ep =er—1,rp =17,
respectively (see Figure 2). It would follow that vy —ep +7p =

or —er +1r # cr +1 = ¢ +1, and hence ' would be another
counterexample to the statement of Proposition 3. This would be a
contradiction, since v + ey < vr + er, while we assumed that vr + er
had the minimum value.

Figure 2: The graphs I and T in the
proof of Proposition 3. The graph [ is

P a obtained from I' by removing the vertex
P and the edge a.

Secondly, no bounded region for I' exists (i.e., I' does not contain
any cycle). Otherwise we could find a bounded region R for I' whose
closure touches the closure of the unbounded region U for I' along an
edge b (prove it! Hint: consider a suitable polygonal chain connecting
a point of the unbounded region to a point of the region R). Then,
we could remove b and obtain a new geometric simplicial complex
T'withcp = cr,op = v, ep = er — 1, rp = rr — 1, respectively.
Therefore vp —ep +rp = vr —er +rr # cr +1 = ¢ + 1, and hence
I would be another counterexample to the statement of Proposition 3
(see Figure 3). This would be a contradiction, since vy + e < vr +er,
while we assumed that vr + er had the minimum value.

In conclusion, I' is a complex of dimension 0, i.e., er = 0. It follows
that cr = ur and rr = 1. Hence uvr — er + rr = cr + 1, contradicting
the statement that I' is a counterexample. O

Definition 19. K, is the complete graph with n vertexes (up to isomor-
phisms).

Proposition 4. The graph Ks has no geometric realization in R?.

Proof. By contradiction, assume that such a geometric realization I' of
K5 exists. Proposition 3 implies that v — e 4+ r = 2 (where the symbols
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v,e,r have the usual meaning). Since I is a geometric realization

of K5, each vertex of I is a face of exactly 4 edges, and hence 4v =

2e (because every edge has exactly two vertexes in its boundary).

Furthermore, each region for I' has at least 3 edges in its boundary,

and each edge touches exactly two regions. Hence 3r < 2e. It follows

that 5 5 1
2=v—e+r<v—e+-e=v—20+ - -20= -0.

3 3 3
Therefore, v > 6, against the equality v = 5. O
SIS
SATS
K K33

Definition 20. K, is the graph with distinct vertexes A1, ..., Au,B1,..., By,
whose edges are all the sets { A;, Bj} with 1 < i,j < n (up to isomorphisms).

Proposition 5. The graph K33 has no geometric realization in R?.

Proof. By contradiction, assume that such a geometric realization
I' of K3 3 exists. Proposition 3 implies that v — e +r = 2 (where
the symbols v, ¢, have the usual meaning). Since I is a geometric
realization of K33, each vertex of I is a face of exactly 3 edges, and

Figure 3: The graphs I and I in the
proof of Proposition 3. The graph I' is
obtained from I' by removing the edge
b.
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hence 3v = 2e¢ (because every edge has exactly two vertexes in its
boundary). Furthermore, each region for I' has at least 4 edges in its
boundary (because of the definition of K33), and each edge touches
exactly two regions. Hence 4r < 2e. It follows that

2—v—e—|—r<v—e—i—le—v—év—i—1 Ev—lv
- - 27 2 22 47
Therefore, v > 8, against the equality v = 6. O

Definition 21. Let G be an (abstract) graph containing a vertex B that
is adjacent to exactly two vertexes A, C of G. Let G’ be the graph obtained
from G by deleting the vertex B and the edges {A, B}, {B, C}, and adding
the edge { A, C}. We say that G’ has been obtained from G by an elemen-
tary edge contraction. If a graph G is isomorphic to a graph Gy that
has been obtained from a graph Gs by applying a finite sequence of edge
contractions and inverses of edge contractions, we say that Gy and Gz are
isomorphic up to edge contractions.

Propositions 4 and 5 show that the statement of the Geometric Re-
alization Theorem is sharp. They are strengthened by the following
theorem, whose proof is omitted.

Theorem 2 (Kuratowski Theorem). A graph admits a geometric realiza-
tion in R? if and only if it does not contain subcomplexes isomorphic to Ks
or to K33, up to edge contractions.

Barycentric Coordinates

In this subsection we will assume that a geometric simplicial complex
K is given.

Proposition 6. For every x € |K| a unique simplex o € K exists, such that
x € int 0.

Proof. Existence. Since x € |K| = Urck T, x belongs to at least
one simplex of K. Let us take a simplex ¢ that contains x and
has minimal dimension. If x € do, then x belongs to a face of o,
against the minimality of the dimension of ¢. Therefore, x € int .

Uniqueness. If x € int oy Nint oy, then x € oy N 02. The simplex
T = 01 N0y is a face of both ¢y and 0y. If T were a proper face of
o1, x would belong to doy, against the condition x € int 07. Hence
T = 0. Analogously, we can show that T = 0,. Therefore, 07 = 07.
O

Definition 22. Let x € |K|. Assume that o € Kand x € int 0. Also,
assume that uy, . .., uy are the vertexes of o and x = 25-‘:0 Aju;, with
Zi‘(:o Ai = land A; > Ofori = 0,...,k Each value A; is called

19
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the barycentric coordinate of x with respect to u;, while we say that the
barycentric coordinate of x with respect to any u € Vert K\ {uo, ..., u;}
is 0.

Proposition 6 implies that the barycentric coordinate of x with re-
spect to u is uniquely defined for every x € |K| and every u € Vert K.

Simplicial Maps

Definition 23. Let K, L be two geometric simplicial complexes. A vertex
map is a map ¢ : Vert K — Vert L such that ifuio, ..., Wj_are vertexes of a
simplex of K, then ¢(u;y), ..., ¢(u; ) are vertexes of a simplex of L.

NB: ¢ is not required to be injective (see Figure 4).

Definition 24. Let K, L be two geometric simplicial complexes. If ¢ :
Vert K — Vert L is a vertex map, the map f : K — L defined by setting
f(a) := conv ¢(«) is called a simplicial map.

Figure 4: The map ¢ taking A to D, and
B and C to E is a vertex map. The map
taking Ato D, Band Cto E,a to E,
and b, ¢ and « to d is the simplicial map
induced by ¢.

Definition 25. Let K, L be two geometric simplicial complexes. If f : K —
L is the simplicial map induced by the vertex map ¢ : Vert K — Vert L,
we can consider the map |f| : |K| — |L| defined by setting |f|(x) :=
Lu;evert k Aip(u;) where A; is the barycentric coordinate of x with respect
to u;. The map |f| is called the PL map (piecewise linear map) induced
by @ (and f).

Proposition 7. If ¢ : Vert K — Vert L is bijective and both ¢ and ¢~ are
vertex maps, then the induced PL map |f| is a homeomorphism between |K|
and |L|.

Proof. Let o € K. Itis easy to check that |f| is a homeomorphism
from o to f(o). The statement of the proposition follows from the
Gluing Lemma, since each simplex is a compact set. O

Categories and Functors

A category C consists of a class ob(C) (whose elements are called
objects of C) and, for avery ordered pair (X, Y) of objects in C, of a
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class Homc¢ (X, Y) (whose elements are called morphisms from X to
Y). If f belongs to Homc¢(X,Y) we write f : X — Y, but we do not
require that f is a function (see our next examples). We require that
the following properties hold:

1. There exists an associative morphism composition from Homc¢(X,Y) x
Homc(Y, Z) to Home (X, Z);

2. Every class Homc¢(X, X) contains a special element 1x that acts as
a unit for the composition (when it is defined).

NB: Pay attention to the fact the classes may be not sets (see Rus-
sell’s Paradox). Some examples of categories:

* Groups and homomorphisms of groups;

e Abelian Groups and homomorphisms of Abelian groups;
® Vector spaces and linear transformations;

¢ Topological spaces and continuous maps;

¢ Geometric simplicial complexes and simplicial maps;

® Polyhedra and PL maps.

Two examples of categories where the morphisms are not func-
tions:

¢ The category C where the objects are the elements of a partially
ordered set (X, <) and, for every ordered pair of objects (x1, x2),
Homg(x1, x2) contains just the pair (xq,x2) if x; < xp, and is
empty otherwise. The composition of (x1,x) with (x,x3) is sim-
ply the ordered pair (x1, x3).

* The category C whose objects are the points P;, P>, P3, and whose
morphisms from P; to P; are the oriented arcs from P; to P; rep-
resented in Figure 5. The composition of arcs is the most natural
one: the composition of the arc from P; to P; with the arc from P;
to Py is the arc from P; to P;.

Definition 26. Let X,Y be two categories. A covariant functor F from X
toY (F : X — Y) is a map that takes each object x of X to an object F(x)
of Y and every morphism f : x; — xp to a morphism F(f) : F(x1) —
F(xy), and verifies these two properties with respect to the composition o of
morphisms:

1. F(go f) = F(g) o E(f) for every ordered pair (f,g) of composable
morphisms;

21
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Figure 5: An example of category
whose morphisms are not functions.

2. F(1y) = 1g(y) for every object x in X.

Example 1. Let X be the category whose objects are the geometric simplicial
complexes and whose morphisms are the simplicial maps. Let Y be the cate-
gory whose objects are the polyhedra and whose morphisms are the PL maps.
The map taking each geometric simplicial complex K to its body |K| and
each simplicial map f to the PL map |f| is a covariant functor. We observe
that the restriction of this functor to Homy (K, L) is not injective, i.e., there
are distinct simplicial maps that induce the same PL map (we say that it is
not faithful).

Definition 27. Let X,Y be two categories. A contravariant functor F from
XtoY (F: X — Y) is a map that takes each object x of X to an object F(x)
of Y and every morphism f : x1 — xp to a morphism F(f) : F(xz) —
F(x1), and verifies these two properties with respect to the composition o of
morphisms:

1. F(go f) = F(f) o F(g) for every ordered pair (f,g) of composable
morphisms;

2. F(1y) = 1g(y) for every object x in X.

Example 2. Let X be the category whose objects are the vector spaces and
whose morphisms are the linear transformations between vector spaces. The
map taking each vector space V to its dual V* and each linear transforma-
tion f: V. — W toits dual f* : W* — V* is a contravariant functor.

Nerve of a finite collection of sets

Definition 28. The nerve Nrv F of a finite collection F of subsets of a
nonempty set Y is the abstract simplicial complex whose simplexes are all
the subsets F' of F, such that Nxcp X # @.

Remark 2. Observe that, for F' = @, the statement

JyeYstVXeFyeX



FINITE SIMPLICIAL COMPLEXES 23

is true. Therefore, Nrv F always contains at least the empty set.

Exercise 5. Prove that Nrv F is an abstract simplicial complex.

X, Figure 6: A family F of sets and a
geometric realization of its nerve in R?.

real(Nrv F')

Cech complexes and Vietoris-Rips complexes

Definition 29. Let F and S be a finite collection of closed balls of radius
r > 0 in RY and the set of their centers, respectively. The abstract simplicial
complex Nrv F is called the Cech complex of S with radius r.

We will denote the Cech complex of S with radius r by the symbol
Cech(S, ) (or simply by Cech(r), when the set S is understood).
When a Cech complex Cech(S,r) is given, for each ¢ € Cech(S,r)
we can consider the set ¢ of all centers of the balls belonging to ¢
We denote the abstract simplicial comple/x\{& : 0 € Cech(S,r)}

—

by the symbol Cech(S, r). Of course, Cech(S,r) and Cech(S,r) are
isomorphic.

Figure 7: A set of balls of radius 1 in
R? and a geometric realization of the
corresponding Cech complex.

Proposition 8. For each non-empty compact set K C R? there exists a
unique closed ball containing K and having minimum radius.

Proof. Existence. Let us consider a sequence of closed balls B; of
center p; and radius r;, such that K C B; and lim;_,« 7; equals the
infimum 7 of the radii of the closed balls containing K. Let us fix
apoint § € K. Since K C B;, for any large enough index i the
inequalities ||§ — p;|| < r; < 7+ 1hold, and hence the point p;
belongs to the closed ball of center § and radius 7 4 1. Therefore, it
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is not restrictive to assume that (p;) converges to a point p € R?.
Since K C B, |lg — pil| < r; for every g € K. Passing to the limit, we
get ||g — p|| < 7. Therefore, the closed ball B of center p and radius
7 must contain K. The definition of 7 implies that no closed ball of
radius strictly smaller than 7 can contain K. It follows that B is a
closed ball containing K and having minimum radius.

Uniqueness. We will prove our statement by contradiction. Let us
assume that two distinct closed balls B/, B” of radius 7 exist, such
that K C B/, B” and 7 is the infimum of the radii of the closed
balls containing K. Let M be the middle point of the segment
connecting the centers p’, p”’ of B’ and B”, respectively. The points
of the set 9B’ N dB” have a constant distance # = /72 — [[M — p'||%
from M, and 7 is strictly smaller than 7. We can easily check that
max{||p — M|| : p € BN B"} = # (it is sufficient to prove that
max{||p — M| : p € B NB"Na} = 7 for any plane a containing
p’ and p""). Therefore, the closed ball B of center M and radius 7
contains B’ N B”. Since K C B’ N B”, the closed ball B contains K,
while it has a radius strictly smaller than 7. This contradicts the
definition of 7.

Figure 8: The construction used in the
proof of uniqueness of the miniball.

Proposition 8 allows us to give the following definition.

Definition 30. For each non-empty compact set K C RY, the unique closed
ball containing K and having minimum radius is called miniball of K.

The next proposition makes available three equivalent methods to
define simplexes in Cech complexes.

Proposition 9. Let {py,...,ps} C RLIFF = {By,...,B,} is the set of
all closed balls B; of center p; and radius r > 0, for 1 < i < n, then these
three properties are equivalent:

1. iy B; # @;
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2. There exists a point p € RY, such that the closed ball of center p and
radius r contains {p1,..., pn};

3. The miniball of {p1, ..., pn} has radius less than or equal to r.
Proof. 1) = 2) Just take a point p € N}, B;.

2) = 3) It trivially follows from the minimality of the radius of
the miniball containing {p1,..., pn}.

3) = 1) Itis sufficient to observe that the center of the miniball
containing {ps, ..., px} belongs to N}'_; B;.
O

Definition 31. Let S = {p1, ..., pn} be a finite subset of R?. The abstract
simplicial complex whose simplexes are all the subsets of S having diameter
at most 2r is called the Vietoris-Rips complex of S with radius r.

We will denote the Vietoris-Rips complex of S with radius r by the
symbol VR(S, r) (or simply by VR(r), when the set S is understood).

Exercise 6. Prove that VR(S, r) is indeed an abstract simplicial complex.

Ve Figure 9: A set of balls of radius 1 in R?
( and a geometric realization of VR(S, 1),
\\ B where S is the set of centers of the balls.
/ Compeare this figure with Figure 7.

Remark 3. Our definitions immediately imply that if 0 < r1 < ry, then
Cech(S,r) C Cech(S,r;) C VR(S,rp).

Vietoris-Rips Lemma

Theorem 3 (Vietoris-Rips Lemma). Let S = {p1,..., pn} be a finite
subset of R. For every r > 0, Cech(S,r) C VR(S,r) C Cech(S, v/2r).

Proof. The first inclusion is trivial (see Remark 3). Let M(c) be the
miniball of a k-simplex ¢ = {p;,..., p;, } € VR(r). Call f the center of
M(c) and p its radius. We start by proving that v/2p < diam o < 2p.
Since this statement trivially holds for k = 0, let us assume that k > 1
(and hence p > 0).

The inequality diam ¢ < 2p is trivial, since ¢ C M(c0) and
diam M(c) = 2p. Let us now prove that v/2p < diam ¢. By con-
tradiction, let us assume that ﬁp > diam ¢. Then a positive ¢ exists,
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such that diam ¢ < & < v/2p. In ¢ there exists at least one point pi;
belonging to dM(c) (otherwise M (o) would not be the miniball of
0). Since diam ¢ < ¢, the closed ball B( Pijs ¢) contains o, and hence
o € B(pi;, €) N M(c). We observe that 0B(p;,, e) NdM(0) is a (d — 2)-
dimensional spherical surface having center at a point C belonging
to the line s through p;; and p (observe that B(pi/.,s) 2 M(o), be-
cause 0 < & < v/2p < 2p). Let p be the radius of this spherical
surface. Let us now prove that, for every plane « containing the line
s, B(C,p)Na D B(pi],,e) N M(c) Na. In order to do that, let us choose
a reference frame on «, such that p;, = (0,0) and p = (0,p). There-
fore, the circumferences 9(B( Pis e) Na) and M(c) Nw in the plane «
have respective equations x* 4+ y*> = €% and x> + (y — p)? = p?. These

circumferences meet each other at the points A = (, [ — £ 2 )

i %
and B = (— e2 — ) (check it!). Since ¢ < \/Ep, it follows

el ¢
4027 2p
thatyy = yp = yc = % < p. This implies that C belongs to the
interior of the segment connecting p;; and p. As a consequence, it
is easy to check by elementary trigonometry that A and B are the
points of the set B(p;,,€) N M(c) N a that maximize the distance from
C (just apply the law of cosines to the triangle of vertexes C, p, p,
with p € B(pij,s) N M(c) Na). Moreover, their distance from C is p =
Vp* = [P — Cl|*> < p. It follows that B(C,p) Na 2 B(p;;, &) N M(c) Na.
Since this inclusion holds for for every plane « containing the line s,
we have that B(C,p) 2 B(pj, &) N M(c) 2 o. Therefore, B(C, p)
is a closed ball that contains ¢ and has a radius p strictly less than
p- Such a statement contradicts the assumption that B(p, p) is the
miniball of o. This concludes the proof that v/2p < diam ¢ < 2p.
Since ¢ € VR(r), we know that diam ¢ < 2r. It follows that
\@p < 2r,and hence p < \/2r. Therefore, the definition of Cech
complex and Proposition g imply that the collection ¢’ of balls of
radius v/2r, whose centers belong to ¢, is a simplex in Cech(v/2r). Tt

—

follows that VR(S,7) C Cech(S, v/2r). O

Remark 4. In the proof of the Vietoris-Rips Lemma we use the inequality
€ < \/2p. If this inequality does not hold, then our construction fails, since
it is no more true that B(C,p) Na 2 B(pi;, e) " M(c) Na 2 o (see
Figure 11).

Theorem 4 (Optimality of the Vietoris-Rips Lemma). The statement of
the Vietoris-Rips Lemma is sharp, in the sense that \/2 equals the minimum
of the set A of all real values « such that for any v > 0, any positive integer

d and any finite subset S of RY the inclusion VR(S,r) C Cech(S, ar) holds.

Proof. Let us consider the set S = {u,...,u;} of all vertexes of a
regular d-simplex ¢ C R, with B(c) = 0, such that ||u;|| = 1 for any
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Figure 10: The construction used in the

A proof of the Vietoris-Rips Lemma.
N
M(o)Na
\7) pi; = (0,0)
i p=1(0p)
_ B(C,p) Na &2
B P A c=(035)
C

\J

Figure 11: If ¢ > /2p, the construction

used in the proof of the Vietoris-Rips

Lemma fails, since A and B are no

longer the furthest points from C in the
pi, = (0’ 0) set B(pij,e) NM(c) Na (in yellow).
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i € {0,...,d}. Since ¢ is regular, for every pair (i,j) € {0,...,d}?

with i # j we have that ||u; — u;|| = [|u; — upl|, and hence u; - u; =
uq - ug. Let us set ¢ := uq - ug. Since %H Z?:O u; = B(0) = 0, it follows
that Z?:o u; = 0. This implies that 0 = (Z?:o ui) “Uy = ZLO U Uy =

1+ dc, and hence ¢ = —%. As a consequence, diam {ug, ..., uz} =
[ur —uoll = /luall?+ [luoll®> = 2u1 -up = v2—-2c = /2 + %- It

- /2+3
follows that {ug,...,us} € VR( S, *— . Then, for any « € A,

[N]

_ 2+% o _ /242
the inclusion VR (S, ;‘”) C Cech (S,af"’) implies that

y o \J2+2
{ug, ..., uy} € Cech (S,aﬁ) , i.e., the radius p of the miniball

of {ug,...,uy} verifies the inequality p < aY——. We now observe

that p = 1, since the miniball of the set {uy,...,u;} is the closed ball
. . V2+i
centered at 0, with radius 1. Therefore, for any a« € A, 1 < a*——,

and hence v > —2— = /2 dd?. Passing to the limit for d — oo,

J2+3
we get the inequality « > /2, for any « € A. This implies that
inf A > /2. The Vietoris-Rips Lemma states that V2 € A, and hence
/2 = min A. O

Remark 5. The statement of the Vietoris-Rips Lemma is no longer optimal
if we fix d. For example, if d = 1 then VR(S,r) = Cech(S,r)}. Further
information about this topic can be found in the paper [Vin de Silva and

Robert Ghrist (2007)]?, Theorem 2.5. 2Vin de Silva and Robert Ghrist. Cov-

erage in sensor networks via persis-
—_—

. o _ tent homology. Algebr. Geom. Topol.,
Exercise 7. Prove that if d = 1 then VR(S,r) = Cech(S,r)}. 7339358, 2007. 1SN 1472-2747.
DOI: 10.2140/agt.2007.7.339. URL
https://doi-org.ezproxy.unibo.it/
Delaunay complexes 10.2140/agt. 2007.7.339

The use of Cech complexes and Vietoris-Rips complexes of a set

S ={p1,.-.,pn} C RY has two computational drawbacks: when the
parameter r is large enough, these complexes contain a large number
of simplexes (2") and have a large dimension (1 — 1), independently
from the value of d. As a first step to solve these problems, we will
introduce the concept of Delaunay simplex. Before doing that, we
have to present the concept of Voronoi diagram.

Definition 32. Let S = {p1,...,pn} be a finite subset of R?. The Voronoi
cell V,, of a point u € Siis theset {p e R : Yo €S, ||p—ul| < |p—2|}.
The set {V,, : u € S} is called the Voronoi diagram of S. For each Voronoi
cell V,,, we say that u is its center.


https://doi-org.ezproxy.unibo.it/10.2140/agt.2007.7.339
https://doi-org.ezproxy.unibo.it/10.2140/agt.2007.7.339
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Figure 12: The Voronoi diagram of a set
of nine points in R2.

NB: Since each Voronoi cell is an intersection of closed half-spaces,
it is both closed and convex.

Definition 33. Let S = {py,...,pu} be a finite subset of R?. The Delau-
nay complex Del(S) of S is the nerve of the Voronoi diagram of S.

When a Delaunay complex Del(S) is given, for each ¢ € Del(S) we
can consider the set ¢ of all centers of the Voronoi cells belonging to
0. We denote the abstract simplicial complex {0 : ¢ € Del(S)} by the

—

symbol Del(S). Of course, [%1(\5) and Del(S) are isomorphic.

Figure 13: A Voronoi diagram and a ge-
ometric realization of the corresponding
Delaunay complex.

Definition 34. We say that the points of the set S = {p1,...,pn} C
IR? are in general position if for each subset S' = {pj ..., pi,.,} of
cardinality d 4+ 2 of S there is no spherical surface of dimension d — 1 that

contains S'.

Exercise 8. Prove that for every set S = {p1,...,pn} C R? and every
e > 0 there exists another set S = {p1,..., pn} C R? such that the points
of S are in general position and maxi<;<, ||p; — pi| < e.

The following result shows the advantage of using Delaunay com-
plexes.

Proposition 10. If the points of the set S = {p1,...,pn} C R arein
general position, then dim Del(S) < d.
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Proof. Leto = {Vpio" e Vpik} € Del(S). The definition of Delaunay
complex implies that ﬂ;‘:O Vp,.j #Q. Letp € ﬂ;(:o Vpij. The definition
of Voronoi cell guarantees that || — p; || = ... = || — p; ||, and hence
the spherical surface of dimension d — 1 and center § contains the

points pj,, ..., pi,. Since the points of the set S are in general position,
k+1 <d+1. Therefore, dim o =k < d. O

Remark 6. The example represented in Figqure 14 shows that the assump-
tion of general position is indeed necessary in the statement of Proposi-
tion 10.

Figure 14: The statement of Propo-
sition 10 does not hold if the

Vpl .Pl P2° VP2 points of S are not in general po-
sition. In this figure, a 3-simplex
v P3| pa 1% 0= {Vp, Vip, Vi3, Vp, } € Del(S) is rep-
ps ¢ * P4 resented, for S = {py, p2, p3,ps} C R%.

We observe that dim Del(S) = 3.

Exercise 9. Prove that if the points of the set S = {p1,...,pn} C R? are
in general position, then card Del(S) < 6n — 4.

Before proceeding, we invite the reader to do the following exer-
cise.

Exercise 10 (Extension of Exercise 8). Prove that for every set S =
{p1,---,pn} C RY and every e > O there exists another set S =
{p1,...,Pn} C RY such that maxi<j<, ||p; — pil| < eand the follow-
ing properties hold:

1. For each subset 8" = {pj, ..., pi,., } of cardinality d +2 of S there is no
(d — 1)-dimensional spherical surface that contains S' (i.e., the points of
S are in general position according to Definition 34);

2. For each subset S" = {pj,, ..., pi,} of cardinality d + 1 of S there is no
(d — 1)-dimensional affine space that contains S” (i.e., the points of any
subset of S of cardinality d + 1 are affinely independent).

Hint: use the fact that no finite union of hyperplanes and (d — 1)-dimensional
spherical surfaces in R? can be equal to RY.

Lemma 1. IfS = {py,...,pu} is a finite subset of RY, and S’ =

—

{piys -+ pi,} € Del(S), then the following properties hold:
1. ﬂ;‘:O Vpi]- # O

2. Ifpe ﬂ;‘zo VP[;’ then ||p — piyll = ... = |lp — pi.|l, and the open ball B
of center p and radius ||p — p;, || does not contain any point of S;
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3. A unique point ¢(S') € ﬂ;(:o V), exists, minimizing the continuous
j
function r(p) : ||p — pi,ll = ... = ||p — pi|| over ﬂ;‘(:o Vpij' The point
¢(S") will be called the center of the abstract simplex §" € D/el-(E)

-

Proof. 1. By definition of Del(S).

2. By definition of Voronoi cell, all points in S’ take the minimum
distance from p in S.

3. The existence and uniqueness of ¢(S’) follows from the fact that
the set ﬂ}‘zo VP:‘]- is closed and convex, and the function r2(p) is

strictly convex on its domain.
Remark 7. We observe that if S’ is a singleton {p;,}, then ¢(S") = pj,.

Pi. Figure 15: An example of center ¢
] (in red) of an abstract simplex S’ =
{piys---,pi,} € Del(S) (in blue). §' is a
subset of S = {p1,...,pn}. No point in
the yellow region can belong to S.

Theorem 5 (Realization Theorem for Delaunay complexes). Let us
assume that S = {py,...,pu} is a finite set of points of R? with n > d,
verifying the following properties:

1. For each subset S" = {pjy, ..., pi,,, } of cardinality d + 2 of S there is no
(d — 1)-dimensional spherical surface that contains S';

2. For each subset 8" = {p;,...,pi,} of cardinality d + 1 of S there is no
(d — 1)-dimensional affine space that contains S”.

Then the set K := {conv $ : @ # § C S,M,e5Vp # O} U{D} isa

geometric simplicial complex that realizes Del(S).

Proof. The case d = 1 is trivial, and hence we can assume d > 2.
By definition, if ©® # S = {p;,,...,p;,} € Sand ﬂ;‘:O VPij #+ O
(so implying conv S € K), then statement 2 in Lemma 1 guarantees
that the points p;, ..., p;, belong to at least one (d — 1)-dimensional
spherical surface centered at a point of ﬂ;{:o Vpij' Assumption 1)
implies that k +1 < d + 1. Then, from assumption 2) it follows
that the points p;, ..., pi, are affinely independent (since n > d,
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we can indeed complete {p;,, ..., p; } to an affinely independent set
{piys---,pi,} € S), and hence ¢ := conv {p;,...,p; } is a geometric
simplex, which can be written as (pj,, ..., pi,)-

Furthermore, if T < 7, the definition of K immediately implies
that T € K. Therefore, the only nontrivial property we have to
prove in order to show that K is indeed a geometric simplicial com-
plexis thatif o1 = (p;;,...p;,) and o2 = (pj,, ..., pj,) belong to
K (i.e, Mh—o Vp,, # @ and N}, Vi, # @), then o1 N 0y is a com-
mon face of 07 and 0>. In order to do that, let us consider the sets
S1 = {piy,---pi,} and Sp = {pj,, ..., p;.}, the centers g1 = &(S1)
of Sy and g = ¢(Sz) of Sy (see Lemma 1), and the closed balls
By = B(e(51), |piy — &(S1) ) and Ba := B(#(S2), [y, — &(S2))-

First of all, let us examine the trivial case in which at least one
of the two closed balls reduces to a singleton {p;} (remember Re-
mark 7!). In this case, assuming o7 = {p;}, either oy No» = O,
and hence 07 N 0 is a trivial common face of o7 and 05 in K, or
o1 Noy = {p;}. In this last case, since p; ¢ int B, (because of state-
ment 2 in Lemma 1) and the vertexes of 0, are the only points of o
that do not belong to int B,, the point p; is a vertex of 03, and hence
o Noy € K.

Therefore, we can assume that both By and B, are different from
singletons, i.e., card S; > 2 and card S > 2. Since S; is included
in the (d — 1)-dimensional spherical surface dB;, we observe that as-
sumption 1) implies the inequality card S; < d 4 1. Then assumption
2) guarantees that the points of S; are affinely independent. Similarly,
the points of S, are affinely independent.

If BN By, = @, then oy Ny, = @ € K, since oy gwd@ C B,.

If By = By, then q; = g and hence S; U S, € Del(S), because
71 =3 € (Mo Vp,) N (Mjy Vi, )- Since §1 U 'S, is included in
the (d — 1)-dimensional spherical surface 0B; = 0B;, assumption 1)
implies that card S; U Sp < d 4 1. Then assumption 2) guarantees
that the points of S; U S, are affinely independent. It follows that
o1 Nop = conv Sy Nconv S; = conv (S1NSy) € K.

If By # Byand By N B, # @, we can observe that B; cannot
be a proper subset of B;, and B cannot be a proper subset of By,
because of statement 2 in Lemma 1. As a consequence, if B; and
B, are tangent to each other, then their interiors cannot meet, and
hence either o4 N0y = @, or 01 N 03 is a singleton containing a vertex
of both ¢ and 0> (because dB; cannot meet int ¢q and 9B, cannot
meet int 07). In both cases, o1 N 0 is a common face of 07 and oy
in K. In summary, we can assume that By # By, By N By # @, By
and B, are not tangent to each other, and are not singletons. Then
dB1 N 9B, is a (d — 2)-dimensional spherical surface, and we can
consider the hyperplane « containing such a surface. Let us now
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define the (possibly empty) sets S := S; N, S5 := Sy Na.

Since the sets S, Sy are affinely independent, their respective sub-
sets S, S5 are affinely independent too. As a consequence, we can
define the geometric simplexes o7 := conv S} and 05 := conv S5.
Since S; C By \ int B, (because of statement 2 in Lemma 1), there
exists a closed half-space 711 such thata = 9dm and S; C .
Moreover, since S; C B, \ int By, there exists a closed half-space
my # m such that e = dmp and S; C 7y, Of course, this implies
that oy C 7 and 0 C mp (see Figure 16). Since 1y N1y = «, it
follows that if p € 07 N0y, then p € a. In other words, the simplexes
01, 07 are respectively contained in two opposed half-spaces, and
can meet each other only at points of a. If we represent p € o1 N
as Yo Aapi, € o1 and as };_o uppi, € 02, it follows that A, = 0
for p;, € S1\ S}, and p, = O for p;, € Sy \ S5. This implies that
p € of N0y, and hence o1 Ny = o} MNo5. Since S U S5 is included
in the (d — 2)-dimensional spherical surface dB; N dB,, we have that
SfuUs; C dB;. Assumption 1) implies that card SfUSs <d+1.
Then assumption 2) guarantees that the points of S U S5 are affinely
independent, and hence conv (5§ U S%) is a geometric simplex. Since
oy N oy is a face of conv (S§ U S§), then ¢f N 0¥ is a geometric sim-
plex too. This concludes the proof that K is a geometric simplicial
complex. Finally, we observe that the geometric simplicial complex K

33

realizes Del(S) by construction. O
Figure 16: A (rough) description of the
JC i o 72,-2 key step in the proof of Theorem 5.
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Alpha complexes

The concepts of Cech complex and Delaunay complex can be com-
bined. This leads to the definition of Alpha complex.

Definition 35. Let us choose a finite subset S = {p1,...,pn} of R? and a
nonnegative value r. For each p; € S let us consider the Voronoi cell V), the
closed ball B(p;,r), and the set R(p;,r) := Vp, 0\ B(pj,r). The nerve of the

collection of sets {R(p;,r) : p; € S} is called the Alpha complex of S with
radius .

We will denote the Alpha complex of S with radius r by the
symbol Alpha(S,r) (or simply by Alpha(r), when the set S is un-
derstood). When an Alpha complex Alpha(S,r) is given, for each
o € Alpha(S,r) we can consider the set ¢ of all centers of the
balls belonging to . We denote the abstract simplicial complex

—

{6 : ¢ € Alpha(S,r)} by the symbol Alpha(S,r). Of course,
Alpha(S, r) and Alpha(S, r) are isomorphic.

Figure 17: A geometric realization of
‘ the Alpha complex Alpha(S,r) of a set
\ S of ten points in R2.

L0 gel
=/ \_ 4
/ \ e -~ |

1

0\ S~ ﬂ
\ / /\ ~ _
//T \w, \ ‘II
\
) \

/

Figure 18: An example of Alpha com-
plex obtained from a point cloud.

point cloud Voronoi diagram Alpha complex
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Proposition 11. Let S be a finite nonempty subset of R. For every non-
negative value r, Alm,r) C Cech(S,r) and Alpia(\S, r) C D/el-(?)

Proof. If S = {p1,...,pn}, it is sufficient to observe that N}'_; R(p;, r) #
@ implies that N, B(p;,7) # @ and N, Vp, # @. O

Proposition 12. If the points of the finite nonempty set S C R? are in
general position, then dim Alpha(S,r) < d for every nonnegative value r.

Proof. It follows from Proposition 10 and Proposition 11. O

Collapsibility

Definition 36. Let K be a geometric simplicial complex, and assume that
the simplex T has only one coface o in K (we say that T is a free face). Then
we say that the geometric simplicial complex K' := K\ {t, 0} has been
obtained from K by an elementary collapse. We also say that K has been
obtained from K’ by the inverse of an elementary collapse.

NB: Since T has only one coface ¢ in K, dimo = dim 7 + 1.

Figure 19: An example of elementary

collapse.

T

Definition 37. If we can reduce a geometric simplicial complex K to a
geometric simplicial complex K' having only one vertex by a sequence of
elementary collapses, we say that K is collapsible.

35






Simplicial homology over Z,

Homology groups of a chain complex

Definition 38. A chain complex C is a sequence of vector spaces V),

over a field K and homomorphisms v, : V, — V),_q indexed by the
integer numbers, such that v,_1 o v} is the null homomorphism, for every
p € Z. Each homomorphism vy is called a p-boundary map. The elements
of Vp, ker vy, Im vy, 41 are respectively called p-chains, p-cycles and p-
boundaries.

NB: The assumption v, 0 v, 11 = 0 immediately implies that
ker v,

is well
Im U;H»l

Im v,1 C kervy, and hence the quotient vector space

defined. Sometimes, we will use the symbols Z,(C) and B,(C) to
denote the vector spaces kerv, and Im v, 1, respectively.

Figure 20: Representation of a chain

// g Pﬂ\ . complex.

/Zp+1 W

/
\ —/
[\ |
[N \
/B | N
N \\ !/ A S
Open N\ )/ Ops \
Lar SN 74 Ll

0 0 0

Definition 39. If a chain complex C = (Vp/ Up) pez is given, we say that
I;e;:Z - is the p-th homology group (or homology group

in degree p) of C. We use the symbol H,(C) to denote such a vector space.

the vector space

As we will see in the following, for any geometric simplicial com-
plex K a chain complex C(K) can be easily defined.

Definition g4o. If X is a set, a formal linear combination of elements of
X with coefficients in a field K is a finitely supported function f : X — K.
The set of all such functions is a vector space with respect to the usual sum
of functions and the usual multiplication by elements of the field K.

Each formal linear combination f of elements of X with coeffi-
cients in a field K is usually represented in the form Zi'(:1 a;x;, where
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each x; belongs to X and each coefficient a; equals f(x;). The null
function (i.e., the trivial formal linear combination) is often repre-
sented by the symbol 0.

Definition 41. Let K be a geometric simplicial complex. For every integer p
with 0 < p < dim K, we can consider the vector space C,(K) of all formal
linear combinations Zile a;o; of p-simplexes of K with coefficients in Z,
(for any positive integer k). If p < 0 or p > dim K, we set C,(K) := 0 (i.e.,
the trivial vector space over Z.,).

In the following, if a p-simplex (uy, ..., u,) is given for p > 0, we
will set (ug, ..., @,...,up) :=conv ({ug,...,up}\ {u;}).

Proposition 13. Let K be a geometric simplicial complex. For each p € Z

with 0 < p < dimK, let us consider the homomorphism 9, : Cy(K) —

Cp,l(K) that takes each p-simplex (uo, ..., up) to the vector Zf:()(uo, o By ).
Ifp < 0orp > dimK, weset 9, : Cp(K) — Cp_1(K) equal to the null
homomorphism. The sequence C(K) := (Cp(K),dp)pez is a chain complex.

Proof. The statement d, 1 0dp = 0is trivial for p < 0 and for

p > dim K. Therefore, we can assume that 0 < p < dim K. We have
just to prove that d,, 1 0 d(¢) is the null chain, for every p € Z and
every p-simplex ¢ = (uo, ..., up) of K. Let us define the symbol c;; by

setting
<u0,...,ﬁi,...,ﬁj,...,u,,), ifi <j
TRES
v null chain in C,_»(K), ifi >j.

We have that

|
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where the last equality follows from the fact that K = Z,. O

In the following, for any given geometric simplicial complex K
and every p € Z we will use the symbols Z,(K), B, (K) and H,(K)
to denote Z,(C(K)) = kerdp, B,(C(K)) = Im 9y, and the p-th

ker o,
Im ap+1

H,(K) is called the p-th homology group of K with coefficients in Z.
Moreover, we will set

homology group H,(C(K)) = , respectively. The vector space

* 1p(K) := dim C,(K) (= number of p-simplexes in K, for p # —1,
and 0 for p = —1);

* z,(K) := dim Z,(K);
* by(K) := dim B, (K);
* Bp(K) := dim H,(K).

The number B,(K) will be called the p-th Betti number of K. We ob-
serve that card C,(K) = 2m(K) and H,(K) is isomorphic to Ziﬁ 7 51() Zy
(where the empty sum is set equal to 0).

Proposition 14. If K is a geometric simplicial complex, then B,(K) =
ny(K) —bp(K) — by_1(K) for any p € Z.

Proof. Let us consider the dimensional equations for the linear maps

Zp(K
9y 1 Cp(K) = Cpo1(K) and 7, : Zp(K) — Hy(K) = 345
is the quotient projection map. They respectively state that 1,(K) =
zp(K) +bp—1(K) and zp(K) = bp(K) + Bp(K). Our thesis immediately

follows from these two equalities. O

, where 71,

Since Hj(K) is isomorphic to Ziﬁ 7 gK)
mology groups over the field Z; reduces to compute Betti numbers.
The equality B,(K) = n,(K) — by(K) — b,_1(K) shows that the
computation of Betti numbers reduces to compute the values by, i.e.,

Z,, the computation of ho-

dim Im 8p+1. For 0 < p < dimK — 1, the value b, equals the rank
of the matrix associated with the linear map 9,1 with respect to any
bases of Cp1(K) and Cp(K). We observe that the natural bases for
these vector spaces are respectively given by the sets of all (p + 1)-
simplexes and all p-simplexes in K.

Remark 8. Since B, (K) C Cp(K) for any index p, and C,(K) is the null
space for every p < 0 and every p > dimK, it follows that b,(K) = 0
for every p < 0and every p > dim K. Moreover, since Cqim g+1(K) is
the null space, bgim x (K) := dim dgim k41 (Caim k+1(K)) = 0. Therefore,
by (K) = 0 for every p < 0 and every p > dim K.

39



40 A BASIC AND CONCISE INTRODUCTION TO TOPOLOGICAL DATA ANALYSIS

Example 3. Let us compute the homology groups of the geometric simplicial
complex represented in Figure 21. We will call Ay 1(K) the matrix associ-
ated with the linear map 9,1 with respect to the natural bases of Cp1(K)
and C,(K). The natural ordered bases of Co(K), Cy(K) and C;(K) are
respectively (A,B,C,D,E,F), (a,b,c,d,e, f,g,h,i) and («).

Figure 21: The complex K in Example 3.

We have that ng(K) = 6, n1(K) =9, np(K) = 1, and ny(K) = 0 for
every p < 0 and every p > 2. Let us now compute the matrixes Ay (K) and

AQ(K).’
a b cde f g h i
100 001000 A
11 000O011O0]| B
A(K)= 10 1 1.0 0 0 0 0 0f C

001100011 D
0001100O0O0O0| E
000011101 F

o

0\ a

o o

0 ¢

o d
A2<K)_Oe

0 f

L g

11 h

1) i

We can easily check that rank Aq(K) = 5and rank A»(K) = 1.
Therefore, by(K) = 5 and by (K) = 1. Moreover, b,(K) = 0 for every p < 0
and every p > 2 because of Remark 8. Hence

o Bo(K) =no(K) —by(K) —b_1(K) =6—-5—-0=1;
e B1(K) =ny(K) —by(K) —bg(K) =9 —1 -5 = 3;
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o Ba(K) =ny(K) —ba(K) —=b1(K) =1-0—-1=0;
e Bp(K) = np(K) —by(K) —b,_1(K) =0—0—0=0forb #0,1,2.

It follows that Hy(K) = Zy, H1(K) = Zy ® Zo ® Z and Hy(K) = 0 for
p#0,1

Computation of bases for Z,(K), B,(K) and H,(K)

Let K be a geometric simplicial complex. A method to compute bases
for the vector spaces Z,(K), By(K) and Hy(K) consists in the follow-
ing steps:

1. For every index p with1 < p < dim K, compute the matrix
Ap associated with the homomorphism d;,, with respect to the
standard bases of the vector spaces C,(K) and C,_1(K). Label each
column of Ay, with the corresponding vector in the basis of C,(K).

2. For every index p with1 < p < dimK, by means of a finite
sequence of elementary column operations, transform A, into
its reduced column echelon form R,. Each time you apply an
elementary column operation, apply the same operation also to
the labels of the columns. Now, the labels of the null columns
represent a basis By, k) of Zy(K). The (p — 1)-chains in C,_1(K)
whose coordinates are given by the non-null columns of R are a
basis By, k) for B, (K).

3. For every index p with 0 < p < dim K, build a matrix M, whose
first b, (K) columns are the columns of the coordinates of the vec-
tors in B By (K)/ while the remaining z,(K) columns are the columns
of the coordinates of the vectors in B z,(x)- Call Mp the submatrix
of M, containing the first b, (K) columns of M.

4. Add some of the columns of M, to some of the last z,(K) columns
of M until the new matrix M;, does not contain units in the cells
belonging to the rows of the pivot elements in M,,. Observe that
now the last z,(K) columns of M;, may be linearly dependent.
However, if two columns in this set are different from each other,
then they represent different elements of H,(K), since the dif-
ference between them cannot contain units at the positions cor-
responding to pivots in M, and hence it cannot be a boundary.
Furthermore, the equivalence classes represented by these columns
are a system of generators for H,(K).

5. By means of a finite sequence of elementary column operations
involving only the last z,(K) columns of M), transform Mj, into
a new matrix M;,’ where the last z,(K) columns are in column

41
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echelon form. The equivalence classes of the (p — 1)-chains in
Cp—1(K) whose coordinates are given by the non-null columns
among the last z,(K) columns in Mj; are a basis By, k) for H,(K).

Example 4. Let us apply the algorithm previously described to the geomet-
ric simplicial complex considered in Example 3.

1. Computation of Ap:

a b cde f g h i
100001000\ A
11000011 0| B
Ai(K)=]01100000O0O0| C
001100O0T1T1( D
00011 0O0O0O0] E
00001110 1) F
o
0\ a
ol b
0] ¢
AZ(K)Zgi
o1 f
Il g
1] h
1) i

2. Reduction of A1(K) and A, (K) to their respective column echelon
forms Rq(K) and Ry (K):

Therefore, Bz (xy = {a+b+c+d+e+f,b+ct+d+e+g b+c+
h,d+e+i}and By xy={A+B,B+C,C+D,D+EE+F}

a b cde atbt+ct+td+te+f bt+c+d+et+g b+c+h d+e+i
1 0 0 00 0 0 0 0
110 00 0 0 0 0
Ri(K)= |0 110 0 0 0 0 0
00110 0 0 0 0
00 011 0 0 0 0
00 0 01 0 0 0 0

MmO 0w
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0Q Y 0 [, D

_ == OO0 00 O R

~.

Therefore, Bz, () = @ and Bg, (x) = {g +h +i}.

. Computation of M, (remember that Zo(K) = Co(K)):

(1) 0 0 0 0 1.0 00 0 0\ A
1 (1) 0 0 0 010000O0| B
My(K)= |0 1 () 0 0 00 1000| C
0 0 1 (1) 0 000100| D
0 0 0 1 (1) 0000O0T1O0|f E
0O 0 0 O 1 00O0O0GO0T1/ F
The first by (K) columns are colored in red. These are the columns of M.

The pivots in My are circled.

0 100 0\ a
0 1.1 10| b
0 1.1 1 0| ¢
M)y = |0 L Lot
0 1.1 0 1| e
01000 f
(1) 010 0] g
100 1 0| h
1000 1) i

The first by (K) columns are colored in red. These are the columns of M.
The pivot in My is circled.

. Computation of M:

My (K) =

oooo~®

— O O O O O
_ O O O O O
_ O O O O O
— O O O O O
_ O O O O O
_ O O O O O
MO0 W >
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0 100 0\ a
0 11 10| b
011 10[ c
MQ(K):OllOld
0110 1| e
0 100 0f f
(1) 0 0 0 0] g
1 01 10| h
1 010 1) i

5. Computation of My

(x) 0 0 0 0 00O0O0O0O0) A

1 (1) 0 0 0 00O0O0OGOf B
My(Ky= [0 1 () 0 0 0000O0O0| C

0 0 1 () 0 00 00O0O0| D

0 0 0 1 (1) 00000O0O0]| E

o 0 0 0 1 100000/ F
Therefore, By, (k) = {[F]}

0 1.0 0 0\ a

00100 b

000100 c
MQ’(K):OOOlOd

0001 0f e

01000 f

(1) 0 0 0 0| ¢

1 110 0| h

1 1010/ i

Therefore, By, (xy = {[a+ f + h+i],[b+c+h],[d+e+i]}.

Exercise 11. Choose a geometric simplicial complex and compute its homol-
0gY groups.

Exercise 12. Choose a geometric simplicial complex and compute the bases
of its homology groups.

Chain maps

Definition 42. Let U = (Up,up)pez and V = (Vy,vp) pez be two
chain complexes. An indexed family of homomorphisms ¢ = (¢p : Up —
V) pez is called a chain map from U to V if v, 0 ¢ = @p_1 0 up for
every index p. If each homomorphism ¢, is an isomorphism, we say that ¢
is an isomorphism between chain complexes.
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Up
Up _— Up_1

lﬁ’)iﬂ [] l‘f’rf—l

Up
Vp  —— Vp_l

The importance of the concept of chain map is given by the next
proposition.

Proposition 15. Let ¢ = (¢p : Up — V) ez be a chain map from
U= Uy, up)pez toV = (Vp,vp)pez. Then each map ¢p. : Hy(U) —
Hy (V) defined by setting ¢p«([z]) := [@p(2)] is a well defined homomor-
phism for every p € Z. If ¢ is an isomorphism between chain complexes,
then each map @« : Hy(U) — Hp (V) is an isomorphism.

Proof. Each element of Hy (i) can be represented as [z], where z is
a p-cycle, ie., up(z) = 0. First of all, v, (¢, (2)) = @p_1(up(z)) =
¢p-1(0) = 0, and hence ¢,(z) € Z,(V). Therefore, ¢,(z) identifies
an element (¢, (z)] of Hy(V). Furthermore, if [z'] = [z] we have
that z’ — z is a p-boundary, i.e., a (p + 1)-chain ¢ € Uy exists,
such that z’ — z = up1(c). It follows that ¢, (z") — @,(z) =
Pp(z' — 2) = @plitp11(c)) = Ops1(9pe1(c)), and hence ¢ (2') —
¢p(z) is a p-boundary. This implies that [¢,(z')] = [¢p(z)] in

Hy (V). Therefore, the map ¢, is well defined. The linearity of ¢,
immediately follows from the linearity of ¢,. If ¢ is an isomorphism
from U to V and [z] € H,(U), then we can easily check that ¢! =
((p;l : Vp — Up)pez is a chain map from V to U. Furthermore,

(¢ 1)x 0 @pi([z]) = [9p"! 0 @p(2)] = [2], and hence @p. is an
isomorphism, for every index p € Z. O

Definition 43. Let ¢ = (¢ : Uy — V})pez be a chain map from U
to V. The indexed family of homomorphisms ¢. = (@ps : Hp(U) —
Hp(V))pez defined in Proposition 15 is called an induced map from
H(U) := (Hp(U))pez to H(V) := (Hp(V))pez.

Proposition 16. Let f : K — L be a simplicial map. For every index
p € Zwith0 < p < dimK, let us consider the linear map f,u :
Cp(K) — C, (L) defined by setting, for every p-simplex o € K,

) flo), if dim f(0) = dimo
fp#((T) = {null chain in CP(L), if dim f(0) < dimo.

Figure 22: According to the definition
of chain map, this diagram must
commute. We express this by inserting
a square in the diagram.
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For p < O and for p > dim K we set f,4 : Cp(K) — C,(L) equal to the
null map. The collection of maps fu = (fps : Cp(K) — Cp(L))pez isa
chain map from C(K) to C(L).

Proof. We have just to prove that f(,_1)4(9p(c)) = 9p(fps(c))

for every index p with 1 < p < dim K and every p-simplex ¢ =
(uog, ..., up) in K. We can indeed observe that such an equality is
trivial for p < 0 and for p > dim K. Before proceeding, we recall
that the points f(ug),..., f(up) are (possibly coinciding) vertexes of
a simplex T in L, because of the definition of a simplicial map. The
following cases are possible:

card {f(uo),...,f(up)} = p+ 1| In this case the points f(uo),...,f(up)

are distinct vertexes of a simplex in L and dim f(¢) = dimo.

Moreover,

p
f(p,w#(ap(a) <Z ug, ..., 0 .,Mp>>

i=0
4
:;)f(p v (o, oo By up))
= L {f(w0) L F i), f ()
= 3y ((F(10), -, f(up)))
=4 ofp#( ).

card {f(uo),...,f(up)} = p| In this case exactly two of the points

f(ug),..., f(up) coincide (say f(u,) and f(us)), and dim f (o) =

dim ¢ — 1. Therefore, f ((uo,. s By, o up)) = 0fori ¢
{r,s}, since in this case two of the points f( 0),.-- ,f/(LT'),. o fup)
coincide. For the same reason, fp#((uo,...,up)) = 0. We also ob-

(
serve that (f(1g), ..., f(ur), ..., f(up)) = <f(u0),...,ﬁ@,...,f(u,,)>.

It follows that

p
fip-1)#(9p(0)) = fp—1)# (ﬁ@m- --/ﬁi/---/”p>>

1=

(=)

P
=2 fip-vr (o, iy up))

i=0
= (F(0), e Ftr) e F(up)) + (F(10), o, Fltts), oo, flup))
=0
= 9,(0)

= Jp (fp# ((uo, .-, up)))
= dp(fpu(0)).
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‘card {f(uo), ..., f(up)} < p‘ In this case dim f(¢) < dimo — 1

and for any choice of i at least two of the points f(ug), ... ,f/(_LB, oo flup)
coincide. Hence, fy#({uo, ..., up)) = 0,and f(,_1)s((uo, ..., i, ... up)) =
0 for any index i. It follows that

p

fip-1)#(0p(0)) = fp—1)# < <“0r-~/ﬁi/~-r“r)>>

1

p
= Y fip-vw (oo iy up))

Therefore, the equality f(,_1)4(3p(0)) = 9p(fp#(c)) holds in any
case. 0

The following theorem states one of the most important properties
of homology.

Theorem 6. The map F,, taking each geometric simplicial complex K to
Hp(K) and each simplicial map f : K — L to the map fps. : Hp(K) —
Hp (L) (induced by the chain map fy4 defined in Proposition 16) is a co-
variant functor for every p € Z.

Proof. First of all, let us prove thatif f : K -+ Land g : L —+ M are
simplicial maps, and p € Z, then (g o f) 4 = gp# © fp#. This equality
is trivial for p < 0 and for p > dim K, hence we can assume that

0 < p < dim K. It will be sufficient to prove that for each p-simplex

o = (ug,...,up) in K, the equality (g o f),# = gp#(fp#(c)) holds.

Since dim ¢ > dim f (o) > dim g(f(¢)), there are four possibilities:

1. dimo = dim f(¢) = dimg(f(c)). In this case (g o f),u(0) =
(gof)o) =g(f(0)) = gp#(fp#(”)) = &Sp# Ofp#(”)'

2. dimo > dim f(o) = dimg(f(c)). In this case fps(c) =
and (g o f)p#(c) = 0. Hence (go f)p(0) = 0 = gpx(0) =
gp#(fp#(a)) = gp#ofp#(0)~

3. dimo = dim f(¢) > dimg(f(c)). In this case gp#(f(0)) =
and (g o f)p#(0) = 0. Hence (g0 f)ps(0) = 0 = gps(f(0)) =
gp#(fp#(a)) = gp#ofp#(g)'

o

(=]

4. dimg > dim f(o) > dimg(f(c)). In this case f,4(c) = 0
and (gof)p#(a) = 0. Hence (gof)p#(a) =0 = gp#(O) =
gp# (fpa(0)) = gpu © fpu(0).
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Therefore, (g o f)p# = gp# © fp# in any case. Because of this equality,
if [z] € Hp(K), then

Therefore, Fy(g o f) = Fy(g) o Fy(f). Finally, if id : K — K is the
identity, then id,4 : Cp(K) — Cp(K) is the identity. It follows that
Fp(id)([z]) = [idp#(z)] = [z] for every [z] € Hp(K), and hence
F,(id) : Hy(K) — Hp(K) is the identity. O

The following result simplifies the computation of homology
groups.

Theorem 7. If a geometric simplicial complex L can be obtained from

a geometric simplicial complex K by applying a sequence of elementary
collapses and inverses of elementary collapses, then H, (L) is isomorphic to
Hy(K) for every p € Z.

Proof. 1t is sufficient to prove that H, (L) is isomorphic to Hy(K) in
the case that L can be obtained from K by applying an elementary
collapse involving the pair (7, 0), where T = (vy,...,v¢) isa (k —
1)-simplex whose only coface is ¢ = (v, . .., k).

Let us consider the inclusion ¢ : Vert L — Vert K. If k > 1,
then ¢ is a bijection. In any case, i is a vertex map. (We observe that,
even if Y~ ! exists, it may not be a vertex map.) Let ¢ : L — K be the
simplicial map induced by ¥, i.e, the inclusion of L into K. We will
show that the homomorphism g,4. = Fp(g) : Hy(L) — Hp(K)
is bijective, and hence an isomorphism. In the following, if z is a p-
cycle in L (K), we will denote by [z]1 ([z]k) the equivalence class of z
in Hy(L) (Hp(K)).

‘gp#* is surjective‘ Let [z]x € Hp(K). Of course, z is a p-cycle in K.

If p ¢ {k—1,k}, then z is also a p-cycle in L. Since gp#(z) = z,
then gy ([z]1) = [gp#(2) ]k = [z]k-

Ifp=k—1,thenz = Z}-":l AjTj +at € Cp(K), for suitable values
A, ..., Am,a € Zy and (k — 1)-simplexes 7y, ..., Ty € L. Let us
consider the p-chain z = Z}":] AjTi+a fojl (v, ..., Op,...0f) €
Cp(L). Since T = (b9, v1,...,0k), then Z — z = ado (remember
that the coefficients we are considering belong to Z,). Therefore,
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0z = dz +addo = 0 (i.e, Z sacycle), and [Z]x = [z]k. Moreover,
gp#(2) = Z, and hence gy ([2]1) = [gp#(2)]k = [Z]k = [z]k-

If p = k, then the chain z cannot contain ¢ as a summand, because
otherwise dz should contain T as a summand, and hence z could
not be a cycle. It follows that z is a cycle in L. Since gp#(z) = z,
then gy ([2]1) = [gp#(2)]k = [2z]k-

Therefore, in any case [z]k is the image by g,#. of an element of
Hy(L).

‘gp#* is injective‘ Let [z]; € Hp(L), with g4, ([z]1) = 0 € Hp(K).

Of course, z is a p-cycle in L and gp4(z) = z is a p-boundary in K.
Therefore, we can write z = - for a suitable v € Cp, 1 (K).

Ifp+1¢{k—1k}, thenC,1(K) = C,i1(L), and hence z is a
p-boundary in L too. Therefore, [z]; = 0 € H,(L).

Ifp+1 = k—1theny = ¥, ;7 + bt € Cpia(K),

for suitable values y1,..., um,b € Z, and (k — 1)-simplexes
T1,...,Tm € L. Let us consider the (p + 1)-chain ¥ = ¥i"; y;7j +
bzlfil <UQ, e, Op, vk> S Cp+1(L). Since T = <@0,Z]1, .. .,Uk>,
then 4 — v = bdo. Therefore, 05 = 9 + bddo = 9. Hence,
0¥ = 07y = z. It follows that z is a p-boundary not only in K, but
also in L, and hence [z]; = 0 € Hy(L).

If p + 1 = k, then the chain < cannot contain ¢ as a summand,
because otherwise z = 9 should contain T as a summand, against
the assumption z € Cp(L). Therefore, v € Cp1(L). Since z = 97,
then [z]; =0 € Hy(L).

It follows that, in any case, gp#«([z]1) = 0 € H,(K) implies that
[z]t =0 € Hy(L).

O

Reduced homology

The reader can observe that the chain complex we have used to de-
fine the homology groups of a geometric simplicial complex K is a
little weird: while we assume that K contains the (—1)-dimensional
simplex @, we have set C_1(K) equal to the trivial vector space,
and the 0-boundary map equal to the null map. This choice has
some important consequences. For example, we get that if K is
trivial (in the sense that it contains only one vertex), then Hy(K)

is not trivial, while any other homology group is trivial. Moreover,
while dim H) (K) counts the “number of p-dimensional holes in K”
for p # 0, dim Hy(K) counts the “number of connected compo-
nents in K” (this number differs by one unit from the “number of
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0-dimensional holes in K”, i.e., “gaps between connected compo-
nents”). These asymmetries can be removed if we consider a new
chain complex and the corresponding “reduced homology”.

Definition 44. Let K be a geometric simplicial complex. For every integer
p with —1 < p < dim K, we can consider the vector space C,(K) of all
formal linear combinations Z;‘zl a;o; of p-simplexes of K with coefficients
in Z; (for any positive integer k). If p < —1or p > dim K, we set
Cp(K) := 0 (i.e., the trivial vector space over Zy).

1

NB: For p # —1, Cp(K) = Cp(K), while C_; (K)
C_1(K).

Zy #0 =

Proposition 17. Let K be a geometric simplicial complex. For each p €
Zwithl < p < dimK, let us consider the homomorphism ép :
Cp(K) — Cp_1(K) that takes each p-simplex (u, ..., up) to the vec-
tor Y0 _o(ug, ..., @i, ..., up). Weset dg : Co(K) — C_q(K) equal
to the homomorphism the takes each 0-simplex of K to the (—1)-simplex
@ € C_1(K) (seenasa (—1)-chain). If p < 0 or p > dim K, we set
dp : Cp(K) — Cp—1(K) equal to the null homomorphism. The sequence
C(K) := (Cp(K),dp) pez is a chain complex.

Proof. Since 0, = 9, for p # 0, —1, because of Proposition 13 we
can limit ourselves to prove that both d_1 00dg and 9y o 9; are null
homomorphisms. On the one hand, the map d_1 o dg is null because
0_1 is null. On the other hand, if ¢ = (v, v;) is a 1-simplex in K,
then 50 o 51(0’) = 50(00 +0v1) = éo(vo) + 50(01) =0+0=0.1t
follows that dg o 91 is the null map. O

NB: The homomorphism dy is called augmentation map and often
denoted by the symbol €. For p # 0, —1, we have that 9, = 9;,. We
will use the symbols Z, (K) and B, (K) to denote the vector spaces
Z,(C(K)) :~ker dp and B, (C(K)) = Im 9,1, {espectively. We
observe that Z,(K) = Z,(K) for p # 0,1, and B,(K) = B,(K) for
p# -1

In the following, for any given geometric simplicial complex K
and every p € Z we will use the symbol H,(K) to denote the vector

space H,(C(K)) = Irl;egji{ We will call H,, (K) the p-th reduced

homology group of K with coefficients in Z,. Moreover, we will set

e 7i,(K) := dim C,(K) = number of p-simplexes in K (for any
integer p);

p(K) :=dim Z,(K);

°
I

p(K) := dim B, (K);

p(K) :=dim H, (K).

. .
e S
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The number B, (K) will be called the p-th reduced Betti number of
K. We observe that card C,(K) = 2™ (K) and H,(K) is isomorphic

to 2? 7 gK) Z, (where the empty sum is set equal to 0). We stress that
dim B_1(K) = 1and dim B_1(K) = 0, since B_1(K) is generated
by the (—1)-simplex @, while B_1(K) = 0.

Proposition 18. If K is a geometric simplicial complex, then B, (K) =
fip(K) — bp(K) = b,_1(K) forany p € Z.

Proof. Completely analogous to the one of Proposition 14. O

Proposition 19. If K is a geometric simplicial complex, then B, (K) =
By (K) for every p # 0, and Bo(K) = Bo(K) — 1.

Proof. For p # 0,—1, the equality B,(K) = B,(K) follows from
Propositions 14 and 18, by recalling that i, (K) = n,(K) and b, = b,
for p # —1. Moreover, since by (K) = bo(K), b_1(K) = 0and
b_1(K) = 1, we have that Bo(K) = 7ig(K) — bo(K) — b_1(K) =
no(K) — by(K) —b_1(K) — 1 = fo(K) — 1. =

The reader could wonder why we defined non-reduced homology
groups, given that reduced homology groups have better proper-
ties. The reason is that non-reduced homology groups are of use for
Poincaré Duality (a topic not illustrated in these lecture notes).

Exercise 13. Choose a geometric simplicial complex and compute its re-
duced homology groups.

Exercise 14. Prove or disprove this statement: For every ordered (n + 1)-
tuple (ag, . .., an) of natural numbers, there exists a geometric simplicial
complex K of dimension n, such that B, (K) = a, for p € {0,...,n} and
By(K)=0forp ¢ {0,...,n}.

Euler-Poincaré Theorem
Theorem 8. If K is a geometric simplicial complex, then x (K) = Zgi:an(—l)pﬁp(K).

Proof. Proposition 14 states that 8, (K) = n,(K) — by (K) — b,_1(K).
From this equality and the equalities bgiy, g (K) = b_1(K) = 0, it
follows that

dim K
Y. (=1)PBy(K)
p=0
dim K dim K dim K
= (=1)Pnp(K) = ), (=1)Pbp(K) = ) (=1)Pbp_1(K)
p=0 p=0 p=0
dim K dim K dim K—1
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dim K dim K dim K—1

= (=1)Pnp(K) = ), (=1)Pbp(K)+ ), (=1)7b4(K)
p=0 p=0 q=-
dim K .
= (=1)Pnp(K) = (1) Kbgim  (K) — b1 (K)
p=0
dim K
. (=1)Pny (K)
p=0
= x(K)



The natural pseudo-distance

In this chapter, we introduce the concept of the natural pseudo-
distance (restricted to the case of simplicial complexes) and illustrate
its fundamental properties.

Perception pairs and topological groups

Let us consider a geometric simplicial complex K and a set ® of
bounded functions from V = Vert K to R. ® is a metric space with
respect to the distance D¢ defined by setting Do (¢, ) = |l —
P|loo := maxyey |¢(v) — P (v)|. The functions in ® will be called
admissible functions or admissible measurements or admissible signals, and
represent the data that can be produced by the measuring tools or
the observers we are interested in. The set V is endowed with the
(extended) pseudo-metric Dy which distinguishes points only if they
are seen as different by some measurement:

Dy (v1,02) = sup |¢(01) = ¢(02)] (1)
ped

for every vy, vy € V. We recall that a pseudo-metric is just a distance
d without the property that d(a,b) = 0 implies a = b. We say that a
pseudo-metric is extended if it can take an infinite value. We observe
that every function ¢ € ® is nonexpansive with respect to Dy.

In the following, we will denote by Isog (K) the set of all bijections
g : V = V such that:

1. If vy, ..., vy are vertexes of a k-simplex of K, then ¢(vy), ..., g(vx)
and g~ (vg),...,¢ 1 (vy) are also vertexes of k-simplexes of K.

2. pog,pog ! € P forevery g € .

The set Isog (K) is a group with respect to the composition of maps,
called the group of ®-preserving isomorphisms of K.

Definition 45. If G is a subgroup of Isog (X), we say that (P, G) isa
perception pair.
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In some sense, considering a perception pair (®, G) means that G
represents a set of data transformations that are relevant for our anal-
ysis. If V' is a bounded pseudo-metric space with respect to Dy, then
the group G is a pseudo-metric space with respect to the pseudo-
metric D¢ defined by setting

Dg(81,82) :=sup Do(@o g1, ¢og2) (2)
pcd

for every g1, 42 € G.
We observe that

Dc(81,82) =sup Do (@ og1,¢og2)
ped

= sup max lp(g1(v)) — @(g2(v))]
ped 0E

= maxsup lp(g1(v)) — @(g2(v))]
eV pcd

=max Dy (g1(v), 2(v)) .

veV

Exercise 15. Prove that Dy and D are indeed pseudo-metrics.

We leave the simple proof of the following proposition to the
reader.

Proposition 20. The following statements hold:

1. Do(p108, ¢208) = Do(p1, @2) for every g1, 92 € Pand g € G;
2. Dy(g(v1),8(v2)) = Dy(v1,v2) for every vy,vp € Vand g € G;
3. Dg(8108/8208) = Dg(81,82) for every g1,82,8 € G-

Exercise 16. Prove Proposition 20.

We recall that a right action of a group (G, x) on a set & is a map
a: ® x G — ® such that the following two properties hold:

1. a(@,e) = ¢ for any ¢ € ® (where e is the unit of G);

2. a(a(p,81),82) = a(p, g1 *xg2) forany ¢ € d and any 91,82 €
G.

In our setting G acts on ® by right composition: a(¢,g) := o g
for every ¢ € ® and every g € G.

Natural pseudo-distance with respect to a group G

Let us assume that (P, G) is a perception pair and call V the domain
of the functions in ®.
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Definition 46. The function dg : ® x ® — R defined by setting
dg(@1, @2) 1= mingcg |91 — @2 © gl|eo is called the natural pseudo-
distance associated with the perception pair (®, G) (or simply with the
group G, in the case the set P is understood).

Proposition 21. The function dg is a pseudo-metric.

Proof. 1. 0 < dg(9,¢9) = mingeg ¢ —9oglle < [l9—¢o
idvert klleo = [|¢ — @llc = 0, and hence dg (¢, ¢) = 0 for every
ONSHOR

2. From Proposition 20 it follows that dg (@1, ¢2) := mingcg o1 —
@208l = mingeg 910871 — @2llo = mingeg 2 — 108 Moo =
ming1c6 |2 — @108 [lo = mingec |92 — 910 8llo = dc (92, 91)
for every @1, 2 € .

3. Proposition 20 implies that for @1, ¢ € ® and every fixed f € G
dG (91, ¢2) == min (|1 — ¢2 0 g0
8€G

:gggH(Pl —¢2080 flleo

IN

Iérgg(llcm — @30 fllo+ @30 f—@r0g0 flleo)

= min (|1 — @30 flloo + |93 — @20 gllew)
geG

= |lo1 — @30 fllo +min |[¢3 — ¢2 0 gl
8€G

= |lo1 — @30 fllo +dc (@3, 92).

It follows that for every ¢, @2, 93 € ®
dc (1, ¢2) = minde(¢1, ¢2)
feG
< min ([|g1 — @3 0 fllo +dc (93, 92))
feG

=min ||¢1 — ¢30 flleo +dc (@3, ¢2)
feG

=dc (g1, ¢3) +dc (@3, ¢2)-
O

If G is the trivial group Idy, then d; = Dg. Moreover, if G; and Gy
are subgroups of Isog (K) and G; C Gy, then

Aisop (k) (91, 92) < di, (91, 92) < dg, (91, 92) < Do (1, 92)

for every ¢q, ¢ € P.

The direct computation of dg is usually difficult, due to the size of
G. In the section “Non-expansive equivariant operators” we will see that
this difficulty can be worked around by means of persistent homol-
ogy and the concept of group equivariant non-expansive operator.
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The role of dg in Topological Data Analysis

The key property of the natural pseudo-distance d¢ is that it is
strongly invariant under the action of the group G. More explic-

itly, dg (@10 f, 92 08) = dg(¢1, ¢2) for every @1, 92 € ® and every
f,g € G. This property is of great use when we wish to compare data
“up to transformations in G”.

Exercise 17. Prove that the natural pseudo-distance d is strongly invari-
ant under the action of the group G.



Persistent homology

Let K be a simplicial complex. If a function ¢ : Vert K — R is given,
a filtration K := {0 € K : ¢(v) < tfor any vertex v of ¢} is
defined, for t € R. We will think of # as a time. Note that K is
still a simplicial complex. After fixing a degree p € Z, for every
ordered pair (s, t) € R? with s < t we can consider the linear map
zfj : Hy(K{) — Hy(K/) induced by the inclusion igt : K¢ —

K{ (in practice, i;’i f takes the homology class of a cycle in K¢ to the
homology class of the same cycle in K}).

Definition 47. A persistence module is a set {V}; }1cRr of vector spaces
on Zy, such that for every ordered pair (s, t) € R* with s < t there exists
a linear map vs; : Vs — V; for which vy = idy, : V; — Viand

Vst OUps = Uppforr <s <t

In the following, the symbol s, will represent the map induced
by the inclusion of K¢ into K = K$ .« o = K&. The functoriality of
homology (Theorem 6) implies that i;f, w0 z:’,”; = 132, foru <ov < w.
Therefore, the maps zfr define a persistence module.

1-dimensional PBNFs

Definition 48 (Persistent homology group). Foru € R,v € RU
{oo} with u < v, the group Im if;,, C H,(KY) is denoted by the symbol

HJ (u,v) and called the pth persistent homology group at (u,v). The
dimension B (u,v) of Hy (u,v) is called the pth persistent Betti numbers

function (PBNF) (or rank invariant) of ¢, computed at the point (u,v) 3. 3 Herbert Edelsbrunner, David Letscher,
and Afra Zomorodian. Topological
k b hat K¢ = K9 — k? dh P, = persistence and simplification. Discrete
Remark 9. We observe that K fax ¢ co, and hence By (-, v) =

C t. Geom., 28(4):511-533,
ﬁﬁ(ymax <P) _ ,Bﬁ(-,oo),for every v > max . omput. Geom., 28(4):511-533, 2002

Remark 10. We observe that ‘Bﬁ(u, v) < dim Hp(K{) < card (K;f)(p) <

card K < oo.

Proposition 22. The function ,B;’;(u, v) is right-continuous in both its
variables.
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Proof. For each v € R an ¢ > 0 exists such that if v < v/ < v+ ¢ then
K¥ = KY. This implies that i , is the identity. Therefore, 8% (1,v') =

=
Im iff;,
is right-continuous in the variable .

Analogously, For each # € R an ¢ > 0 exists such thatif u < ' <
u + ¢ then KZ)/ = K{. This implies that iz)’u, is the identity. Therefore,

BY(u,0) =Imif, =Imi? oi” =Imi’ = pY(u,0). This proves

’ ’
0 U u'v

= Im if; oify =Imi}, = [Sﬁ(u,v). This proves that [Sﬁ(u,v)

that BY (u, v) is right-continuous in the variable u. O
The following statement holds.

Lemma 2. Let U, V, W be finite dimensional vector spaces over the field K.
Iff:U— Vandg:V — W are linear maps, then the following equality
holds: dimIm go f = dimIm f — dimker g, f.

Proof. The rank-nullity theorem applied to the linear map g, 5 :
Im f — W states that dimIm f = dimIm go f + dimker g, . O

Proposition 23. The function ﬁ;@(u, v) is nondecreasing in the variable u
and nonincreasing in the variable v.

Proof. Tfu < u/, then i}, = if,’fv o if:l/. This implies that Tm i}, C
Im i, ie, Hf (u,0) C H (#,v). Hence dim Hy (u,v) < dim Hf (', ).
Moreover, by applying Lemma 2 for f = i, and g = if’ Z, with

v’ > v we get that dim Im ifz, < dimIm z% ,i.e., dim H;,o(u, V) <

dimH;,’)(u, v). O

Hereafter, the symbol A denotes the diagonal {(u,v) € R? : u =
v}, the symbol A* denotes the half-plane {(u,v) € R? : u < v}, while
A* is the set AT U {(u,0) : u € R}. The finiteness of K implies that
the vector spaces Hy,(K) are finitely generated for every time t. This
fact guarantees that ‘Bﬁ(u,v) < oo for every (u,v) € A*. Hereafter,
we will assume that a degree p € Z has been chosen, and that the
symbols ¢, 1, €, 1’ refer to finite values.

The following result illustrates an interesting invariance property
of the persistent Betti numbers functions, in the case that g : K — L
is an isomorphism between two simplicial complexes (i.e. a bijective
map such that both it and its inverse take vertexes of simplexes to

-1
vertexes of simplexes). We consider the filtrations K{ and L} .
oy [ — (pog71 . . .
Proposition 24. f, = B, ©  for every isomorphism g : K — L.

Proof. It is sufficient to consider the chain map gp# : Cp(K) — Cp(L)
induced by g (Proposition 16) and check that it is an isomorphism
between chain complexes. From Proposition 15 it follows that the
linear map gp#. : Hy(K) — Hp(L) taking each homology class

{Zé‘:l 0’1} to the homology class [Zﬁ‘zl go 0’1} is an isomorphism.
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-1 -1
Since iY,} 0 gpp = gp#* oily, themap p : Hy (1,0) — H}™®  (u,v)

taking i{, ([z]) to 1%‘? (8p#« ([2])) is an isomorphism, for every pair

(u,v) € AT, O

Definition 49. Lete > 0, > 0, andu < v < oo. Ifu+e <

v — 1, we define ygfﬁ(u,v) = ,B?(u +ev—1) — ,8?(14 —&v—1) —
ﬁ?(u—i—s,v—k;y) +/3$(u—s,v+;7). Ifu+e > v — 1, wedefine
yfln(u, v) := co. The value yép,,?(u,v) will be called the total multiplic-
ity of the (¢, 77)-box centered at (u,v) .

The next proposition shows that the value 5 (u,0) is always
nonnegative.

Proposition 25. Ife > 0,7 >0, andu+e <v—n < oo uly(u,v) =

dimkeri?" O — dimkerif”* 0 > 0.

u &v—1]

Proof. By applying Lemma 2 for f = if and g = we get

u+sv Ui v 170+l7

— dimkeri?

= dimIm lu—&-t v—1 U— 17 “’+’7\Iml

dimIm 1u+€ ,0+1]

u+ev— V

By applying Lemma 2 for f = ii’fislv and g = if" o+ We get

= dimIm i¥ — dimkeri?

dimIm i Zu &0+ u—€,0—1 v— ’7 O+ | Im i#*

U—g0— V

It follows that

udy (u,0) =pY(u+e,0—n)—Bh(u—e0—1)
—Bh(u+ev+n)+p)(u—ev+1)

— iP*
=dimIm zu+w y —dimImi; -,
—dimIm i zu+€v+,7 + dimIm " 041
=dimIm i zu+w y — dimIm i it ev—1
—dimIm i zu+€v gt dim kerif”" O 8
+dimIm %" €01 — dimkeri?”* ’7”+'7|Imzu o
= dimkerif* — dimker if”* >0

where the last inequality follows from the inclusion

*

o A
Im lufe,vfry Im lu+£ v—1 lu &,U+e g Im lu+£ o—1
which implies
keri?” C keri?* .
o= v+”‘1 u &v—1 o WZ%+”|hnlu+£v n
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In the following, unless otherwise specified, we will assume that
v < oo. The next proposition shows that the function yé’f” (u,v) is
non-decreasing in the variables ¢ and 7.

Proposition 26. If0 < e <¢,0<n <y’ andu < v, then yf,,](u,v) <
W8 (1,0).
Proof. Ifu+¢ > v—1’, then y;’i 77’(“’0) = oo, and in this case the

statement of the proposition is trivial. Therefore, we can assume that
u+¢ < v—y'. By directly applying Definition 49, it is easy to check

that

pl (1,0)

:V(f’—;f,"/%’ <u_€—;€/,v+77‘;’7,> —le”/%” (u,v—l—n—;n/) —H’I(ZT% v (u—f—s—;‘c'/,zﬂr;?—;’?/)
+V(5%E/W <u _ 5—;8/’0> i uly (u,0) +V‘5;e/,7 (u+ s—;s”v)

+yf,2_£,,7,2,,7 (u stl’z’* 17?7,) +”zv’;v (u’vﬂznl> *foz—f—,v’;v <“+ 828/,0* UJ;?,)

From the nonnegativity of the function u{ y (Proposition 25), it fol-
lows that ), (u,0) < puf 7],(u,v). O

Let us explain the proof of Proposition 26 in plain words. The
value uf y (1,0) is equal to the sum of the values at the red points
in Figure 23, with alternate signs. The value yf,,q, (u,v) is equal to
the sum of the values at the green points in Figure 23, with alternate
signs. This last value is equal to the sum of the total multiplicities of
the nine boxes in the figure since the contributions of the non-green
points cancel each other out.

Lemma 3. Any open arcwise connected neighborhood of a discontinuity
point for the function ﬁ?(u, v) contains at least one discontinuity point in
the variable u or v.

Proof. Let p € R? be a discontinuity point for the function ﬁ;’,’(p).
Then, in any open arcwise connected neighborhood U C R? of p, a
point q exists such that B (p) # B%(q). We can connect p and q by

a path entirely contained in U and made of horizontal and vertical
segments. Since ﬁ%’ cannot be constant along this path, our claim
follows. O

Proposition 27 (Propagation of discontinuities). The following state-
ments hold:

1. If ii is a discontinuity point for [3?(,5) and i < v < T < oo, theniiisa
discontinuity point also for [3?(-, v);



L ([ ]

(=R (v 122 (EELFRLLy)
® { ® ®
(u-232.0) (s 520)

{ ® ® (]
(b-252 o221 (o122 (s 2525 121)
L [ ]

2. If ¥ is a discontinuity point for ,B;f(ﬁ, Jand i < u < 7 < oo, then ¥ is a
discontinuity point also for ,Bﬁ(u, ).

Proof. 1. Since [3? is nondecreasing in its first variable, we have that
,B?(ﬁ +¢,0) — ,Bﬁ(ﬁ —¢,0) > 0 for any € > 0 (Proposition 23). The
assumption that 7 is a discontinuity point for ﬁg(-, 7) implies that
‘Bﬁ(ﬁ +¢,0) — ﬁ(g(ﬁ —¢,0) > 0 for any € > 0. This last inequality
and the inequality

BY (i +e,v) — By (i1 — €,0)
— BY(i1+¢,0) + S (i1 —£,0) > 0

(Proposition 25) imply that g} (il +¢,v) — % (i —&,v) > 0 for any
e > 0. It follows that ii is a discontinuity point also for ‘B;f(-, v);

2. Since ,B$ is nonincreasing in its second variable, ﬁﬁ(ﬁ, T+e) —
BY(i1,5— ) < 0forany e > 0 (Proposition 23). The assumption
that 7 is a discontinuity point for (i, -) implies that % (4,0 + ¢) —
,B?(ﬁ, 7 —¢) < 0 for any & > 0. This last inequality and the inequal-
ity

(Proposition 25) imply that g} (1,0 —€) — B% (1,5 +¢) > 0 for any
e > 0. It follows that 7 is a discontinuity point also for ,B;’;(u, ).
O
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Figure 23: The grid used in the proof of
Proposition 26.
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Proposition 28. For every point p = (i1,0) € AT ane > 0 exists such
that the open set

Ve(p) = {(u,0) €R®: lu—1| <e|v—0| <eu#iov#0d}
is contained in A and does not contain any discontinuity point for ,B;’;

Proof. Suppose, contrary to our assertion, that for every positive
integer n a discontinuity point p, = (un,v,) € Vi1 (p) exists. By
applying Lemma 3, possibly by extracting a subsec;uence from (pn),
we can assume that each p, is a discontinuity point in either the u
or v direction. In the following, we shall assume that each p; is a
discontinuity point in the variable u. The case in which each p, is a
discontinuity point in the variable v has a similar proof. Let us fix

a natural number N that is so large that 7 4 % < 0— %, i.e., the
sets V1 (p) with n > N lie entirely above the diagonal A. Let us
consider the function ﬁ(ﬁ (-, 0 — %) : }ﬂ — %, 7+ % { — IN. From
Proposition 27 we know that discontinuities in u spread downwards.
Thus the function ﬁﬁ (-, (R %) should have an infinite number of
integer jumps. Now, since B?(u, v) is non-decreasing in the variable u

(Proposition 23), this fact would imply that ,B;’,) (L‘t + %, 70— %) = oo,

against the finiteness of ,B;f (Remark 10). O

Persistence diagrams and Representation Theorem

One of the main properties of the persistent Betti numbers functions
is that they admit a simple and compact representation. Precisely,
under our assumptions, it is possible to prove that each PBNF can be
compactly described by a multiset of points, proper and at infinity, of
the real plane 4, 5. This multiset will be called a persistence diagram.
Before proceeding, we need to recall the definition of a multiset and a
matching between multisets.

Definition 50 (Multiset). A multiset is a function f from a set S to

IN U {co}. Ifs € Sand f(s) > 0, we say that s is an element of the multiset
and its multiplicity is f(s). The realization of a multiset f is the set
Sp:={(s,n) € Sx (NU{eo}): 0 <n < f(s)}. Afinite multiset is a
multiset whose realization is a finite set.

Definition 51 (Map between multisets). Let f; : S — N U {co},
f2 1 52 = INU {oo} be two multisets. Any map from Sy, to Sg, is called a
multiset map from the multiset f1 to the multiset f.

Definition 52 (Matching between multisets). Let f; : S — IN U {c0},
f2 1 So — IN U {oo} be two multisets. Any bijection from Sg, to Sy, is
called a matching from the multiset fi to the multiset f5.
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5 David Cohen-Steiner, Herbert Edels-
brunner, and John Harer. Stability of
persistence diagrams. Discrete Comput.
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However, for the sake of simplicity, we will often denote a finite
multiset K with the standard notation K = {py,..., px}, assuming
that each point p; has a multiplicity m;.

Set A* = A* U {A}, where A is the line {(u,0) € R? : u = v}. The
nonnegativity of the function p y (Proposition 25) and Proposition 26
imply that the following definition is well given.

Definition 53 (Persistence diagram). The persistence diagram Dgm(¢)
of the continuous function ¢ : X — R is the multiset f : A* — N U {co}
defined by setting, for every p = (u,v) € A*,

u?(p) = lime_g+ ple(u,0), ifu<v<oco
f(p) = qv?(p) = lime_o+ By (u+¢,00) — B (1 —g,00), ifu<v=oco
o0 ifp=A.

Each element (u,v) of Dgm(¢) with u < v < oo is called a proper
cornerpoint. Each element (u,v) of Dgm(¢) with u < v = oo is called
a cornerpoint at infinity (or a cornerline, or an essential cornerpoint).
The point A is called the trivial cornerpoint.

Proposition 29. Dgm(¢) = Dgm(g o g~1) for every isomorphism
g:K— L

Proof. It immediately follows from Proposition 24 and the definition
of persistence diagram. O

The two following statements hold.

Proposition 30 (Position of proper cornerpoints). If p = (u,v) €
Dgm(¢@) and v < oo, then u,v € ¢(V) (i.e., two vertexes x,y € V exist,
such that u = @(x) and v = ¢(y)). Consequently, the number of proper
cornerpoints is finite.

Proof. Since u?(p) := lim, o+ pée(u,v) > 0, a positive and ar-
bitrarily small ¢ exists, such that ,B(g(u +ev—¢)— ,Bﬁ(u —gv—¢) —
BY(u+ev+e)+Bh(u—ev+e) > 0. This implies that B (u +¢,0—¢) —
Bh(u+ev+e) > ph(u—ev—e)—By(u—ev+e) >0, and hence
ﬁ?(u +ev—¢) > ,Bg(u +¢,v+ ¢). From Definition 48, it follows that
dim Im i;fis,v%
As a consequence, iffw Te
cKY, — K . must be proper. Since ¢ is arbi-

v—¢&

> dimIm iZJis,ere = dimIm (i'Z)jS,UJrS o iz)ie,vfe)'
is not an isomorphism, and hence the
inclusion if_ eote
trarily small, v must belong to ¢(V). Analogously, by observing that
ﬁg(u +ev—¢) > ﬁ?(u —¢,v — ¢) for an arbitrarily small ¢ > 0, we

can show that u € (V). O

Proposition 31 (Position of cornerpoints at infinity). If p = (u, )
Dgm(¢), then u € ¢(V) (i.e., a vertex x € V exists, such that u = ¢(x)).
Consequently, the number of cornerpoints at infinity is finite.
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Proof. Since v?(p) := lim,_ o+ ,Bf,)(u + ¢ max @) — ,B;f(u —¢,max @) >
0, a positive and arbitrarily small ¢ exists, such that ,Bﬁ(u +¢,max ¢) >

ﬁ?(u — ¢, max ¢). From Definition 48, it follows that dim Im ifis,max 0>

dimIm i¥* = dimIm (iq)* Ol eute

1—€max @ U+e,max ¢ ). As a conse-

SPx . . . . .
quence, if~, .. is not an isomorphism, and hence the inclusion

if?e/u st K . — K ¢ must be proper. Since ¢ is arbitrarily small, u

must belong to ¢(V). O

Proposition 32 (Propagation of discontinuities from cornerpoints). If
p = (i1,3) € Dgm(¢), the following statements hold:

1. If il <v <0 < oo, then il is a discontinuity point for B5(-,v);
2. Ifl <u <0 < oo, then @ is a discontinuity point for B} (u, -);
3. Ifii < v <0 = oo, then il is a discontinuity point for ﬁ;@(,v)

Proof. 1. Because of Proposition 26, since p = (i, 7) is a proper
cornerpoint in Dgm(¢), we have that

i) Bp(a+n,0—e) =By —n,0—¢)
—By(a+n0+¢)+pha—n0+e) >0
for any small enough £ > 0 and any positive 7 < €.

Since ﬁ;’,) is nondecreasing in its first variable, we have that

ii) h(i+1n,0+¢)—Bh(a—n,0+e) >0
for any small enough ¢ > 0 and any positive < & (Proposi-
tion 23).

From i) and ii) it follows that % (i1 + 1,0 —¢) — B (1 — 1,0 —¢) >
0 for any small enough ¢ > 0 and any positive < e. It follows
that 7 is a discontinuity point of ,Bﬁ(, ¥ — ¢) for any small enough
e > 0. Then Statement 1) in this proposition follows from State-
ment 1) in Proposition 27.

2. Because of Proposition 26, since p = (ii,?) is a proper cornerpoint
in Dgm(¢), we have that

i) By (i +e,0—n) — By —e,0—1)
—BY(i+e0+n)+ph(a—e0+1) >0
for any small enough ¢ > 0 and any positive 7 < e.
Since ,B;f is nonincreasing in its second variable, we have that
ii) By (it —e,0+1) — Bp(ii —e,0—1) <0

for any small enough ¢ > 0 and any positive # < & (Proposi-
tion 23).
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From i) and ii) it follows that B} (i1 +¢,0— 1) — Bh (i1 +¢,0+ 1) >
0 for any small enough ¢ > 0 and any positive < e. It follows
that o is a discontinuity point of B%(ii + ¢, -) for any small enough
e > 0. Then Statement 2) in this proposition follows from State-
ment 2) in Proposition 27.

. Since p = (i1, ) is an essential cornerpoint in Dgm(¢), we have

that BY (i1 + ¢, max ¢) — B (i1 — ¢, max ¢) > 0 for any ¢ > 0. Because
of Remark 9, if v > max ¢ then ,Bf,)(ﬁ +¢0) — ,Bﬁ(ﬂ —¢,0) > 0 for
any ¢ > 0. It follows that for any v > max ¢, 7 is a discontinuity
point of [Sz(-, v). Then Statement 3) in this proposition follows
from Statement 1) in Proposition 27.

The following result completes the statement of Proposition 32,

showing that each discontinuity of a PBNF “comes from a corner-

point”.

Proposition 33 (All discontinuities come from cornerpoints). The
following statements hold:

1.

If i < o is a discontinuity point for /3?,’(~, ), then there exists at least
one cornerpoint (i1, v') (proper or at infinity) with v’ > o;

. If o > i1 is a discontinuity point for ﬁ(ﬁ(ﬂ, -), then there exists at least

one proper cornerpoint (u', ) with u’ < i;

Proof. 1. If lim,_ o+ ,B;f(ﬁ +¢,max¢) — ﬁ?(ﬁ —¢ max @) > 0,

then (i1, o) is a cornerpoint at infinity and hence property 1)
holds. Therefore, we can assume that an & > 0 exists, such that
ﬁﬁ(ﬂ +¢ max¢) — ,Bg(ﬂ —¢ max @) = 0 for any positive ¢ < &.
Let us now consider the open cover V = {V)},e. of the closed
segment ¢ connecting the points p; = (4,7) and p, = (i1, max ¢),
where V), is an open square centered at p € ¢, with the sides par-
allel to the axes. If ¢ does not contain cornerpoints, we can assume
that yzp),e(p) (p) = 0 for every p € ¢, where ¢(p) is a suitable posi-
tive constant depending on p. Since c is compact, V admits a finite
subcover {V},,...,Vp,}. Let us set ¢’ := mine(p;) and 7" equal

to half the length of c. From Proposition 25 and Proposition 26, it
easily follows that yz/”/(ﬁ) =Y, #zpi)/S(Pi) (p;) = 0, where p is
the middle point of c. This implies that

Bh(i+¢,0) — ph(a—¢,0)
= BY (i1 + ¢, max ¢) — Bf (i1 — ¢, max ) =0,

against the assumption that # < 7 is a discontinuity point for

Bi (D).
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2. We know that ) (ming — 1,7+ ¢) = B} (ming — 1,5 —¢) = 0 for
any positive €. Let us now consider the open cover V = {V}}pec
of the closed segment ¢ connecting the points p; = (i1,7) and
p2 = (ming — 1,9), where V), is an open square centered at
p € c, with the sides parallel to the axes. If ¢ does not contain
cornerpoints, we can assume that yzp),g(p) (p) = 0 for every
p € c, where g(p) is a suitable positive constant depending on
p. Since c is compact, V admits a finite subcover {V,, ..., V, }.
Let us set ¢ := mine(p;) and 1’ equal to half the length of c.
From Proposition 25 and Proposition 26, it easily follows that
Vfi,,?/(f’) = L Vf(pi),g(pi) (pi) = 0, where p is the middle point of c.
This implies that

ie., pY(i1,0—¢) = B3 (i1,0+¢'), against the assumption that 7 >
is a discontinuity point for g5 (i1, -).
O

In the following we will need the next lemma, where the continu-
ity of ¥ at (i1, 00) means the continuity of B (-, max ¢) at ii. We recall
that the sum over an empty set of indexes is defined to be equal to 0.

Lemma 4. If (ii,0) € A*, then /3?,’(12,00) =Y < V¥ (1, ).

Proof. We can assume that Dgm(¢) contains at least one corner-
point at infinity with abscissa less than or equal to i, otherwise our
statement is trivial. Because of Propositions 30 and 31, we can find
ug < ... < Uy such that

1. up < min ¢ (and hence KZ’O = ; moreover, because of Proposi-
tion 31, the abscissa of each cornerpoint at infinity of Dgm(¢) is
greater than u);

2. Uy > i, and there is no essential cornerpoint (i, c0) for ﬁZ having
its abscissa in ]ii, uy,] (and hence, because of Proposition 33, no
value in |i1, 1] is a discontinuity point of the function (-, ));

3. There is no essential cornerpoint for ﬁf, having its abscissa in
{ug, ..., um} (and hence, because of Proposition 33, no value u; is a
discontinuity point of the function ,Bf,(~, 0));

4. Each open interval |u; 1, u;[ with 1 < i < m, contains exactly one
abscissa of a cornerpoint p; at infinity (possibly endowed with a
multiplicity greater than 1). If we set §; := ,B;f(ui, oo) for any i with
0 <i < m, we can write that v¥(p;) = B; — Bi-1-



Due to assumption 1, By = 0. Therefore

Y v(u) = ) v¥(pi)

u<ii 1<i<m

= ) Bi—Bia
1<i<m

= Y Bi— Y, Bi
1<i<m 1<i<m

=Y, Bi— Y. B
1<i<m 0<i<m-—1

:ﬁm—ﬁo

= Bm = ﬁﬁ(“mr‘”) = 5?(51 )

because the function ,B;’,)(u, c0) is right-continuous in the variable u
(Proposition 22), and no value in |, 1] is a discontinuity point of
the function [3’;(, ). O

The key role of persistence diagrams is shown in the following
Representation Theorem 67, claiming that persistence diagrams
uniquely determine 1-dimensional PBNFs (the converse also holds by
definition of persistence diagram).

Theorem 9 (Representation Theorem). If (i1, 7) € AT, then

Yo u?(u,0)+

(u,0)ent u<
u<ii,v>0

By (,0) = v?(u, ).

=

Proof. We can assume that Dgm(¢) contains at least one proper
cornerpoint (#/,v") with u’ < il and v’ > 7, otherwise our statement
is trivial because of Proposition 33 (implying g5 (i1,0) = B} (i1, ))
and Lemma 4. Propositions 30 and 31 guarantee that we can find

Uy < ... < upyand vy < ... < v, such that

1. up < min ¢ (and hence Kffo = ; moreover, because of Proposi-
tion 31, the abscissa of each cornerpoint at infinity of Dgm(¢) is
greater than u);

2. 0 > uy > i, and there is no (proper or essential) cornerpoint
(u,v) for ﬁf, having its abscissa in |ii, u,], with v > vy (and hence,
because of Proposition 33, no value in ]ﬂ, um] is a discontinuity
point of the function ,Bf,(, v), for any v > vp);

3. vp > 0, and there is no cornerpoint (u,v) for B} having its ordi-
nate in |9, vg], with u < i (and hence, because of Proposition 33,
no value in |3, vy is a discontinuity point of the function ,B;(u, 3,
for any u < 1);

4. Uy > MmaxQ;
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5. There is no cornerpoint (and hence, because of Proposition 33, no
discontinuity point) for Bf having its abscissa in {u, ..., um};

6. There is no cornerpoint (and hence, because of Proposition 33, no
discontinuity point) for /3? having its ordinate in {vy,...,v,};

7. For1 <i < m,1 < j < n, each open rectangle R{ of vertexes
(ui,0;-1), (4i-1,9j-1), (u;,0j), (4;_1,v;) contains at most one cor-
nerpoint pg (possibly endowed with a multiplicity greater than 1).
If we set ‘B{ = ,B;f,)(ui,vj) forany i,jwith0 < i <m,0<j<mn,
we can write that ;/t"’(p{:) = ,Bé_l = ,sz = ,Bi + ‘BLl. If R{ does not
contain any cornerpoint, we set p} equal to an arbitrarily chosen

point in R{: (in this case pu?( pi) = 0).

Figure 24: The grid used in the proof
of Theorem 9. The red points are
cornerpoints of Dgm(¢).

o o ® ® Uy
.
L]
(wi—1,v5) . (uj,0j)
¢ ° e ° °
no
Ri cornerpoints
here
L]
L]
o
Pi
¢ o L ° °
(4i-1,9j-1) (1, 0j-1)
L] L]
o L4 L o ® 0o
u ‘ no / ° ° ‘
0 cornerpoints Um—1 (l_l, 27) Uy

here

Due to assumption 1, ,B{) = 0 for any index j. Moreover, by re-
calling that the function ,B;’,)(u, v) is right-continuous in the variable
u and no value in ]i, uy,| is a discontinuity point of the function
ﬁ5(~,v), for any v > vy, Lemma 4 guarantees that I}, = ‘Bﬁ(um,vn) =
ﬁﬁ(ﬂ, ) = Y ,<;V?(u, ). Furthermore, by recalling that (1) the
function ﬁﬁ(u, v) is right-continuous in both its variables, (2) no value
in |, u,] is a discontinuity point of the function (-, v), for any
v > vp, and (3) no value in |vy, 7] is a discontinuity point of the func-
tion [Sﬁ(u, -), for any u < i, we obtain that ,B?(um,vo) = ,Bg(ﬂ,z?). It
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follows that

Y wwo)= ) u(uv)

(up)en* (u v)eA*

u<ii,v>09 u<um,v>0(

= 2 1)
1<i<m
1<j<n

_ j—1 j—1 ] ]

= Y B - LB X Bt L B
1<i<m 1<i<m 1<i<m 1<i<m
1<j<n 1<j<n 1<j<n 1<j<n

_ j j ] ]

= Y B- Y B- LB+ L B
1<i<m 0<i<m—1 1<i<m 0<i<m—1
0<j<n—1 0<j<n—1 1<j<n 1<j<n

= 3 Bu— X Bo— X But X B
0<j<n—1 0<j<n—1 1<j<n 1<j<n

= B — Bl

= ﬁ?(“er’O) - ,B(zg(”mrvn)
= By (1,0) — By (i1, )
= Bh(a,0) — Y v?(u,00)

u<ii

O

In plain words, Theorem g states that the value assumed by ﬁ;’; at
a point (i1, 7) € A" equals the number of cornerpoints lying above
and on the left of (i, 7). The following corollary of Theorem g gives a
useful interpretation of the value yj , (7).

Corollary 2. Let p = (i1,0) € AT. Assume that i +n < 0 — 1y, with
n > 0. Then pf ,(p) equals the number of (proper) points of Dgm(¢)
(counted with their multiplicities) that belong to the semi-open square

Qp={(wv)eAta—y<u<iatnds-—y<v<otn}

Proof. The statement follows from the definition of y% (p) (Defini-
tion 49) and the Representation Theorem (Theorem 9), since

iy (p) = Bh(a+mn,0—n)—ph(a—mno-1n)
— By (@+n,0+n)+Bh(@—1n,0+7)

— Zy uv—i—Zv"’uoo Zy"’uv ZV(’)(%‘X’)

(u,v)eN* u<i+n (u,v)en* u<i—1n
u<ii+n u<ii—ny
v>0—1 v>0—1
— Y ut(uwo)— Y vP(ue0)+ Y u(uw0)+ Y vP(u, )
(u,v)eN* u<i+n (u,v)eN* u<i—n
u<i-+n u<ii—n
v>0+7 v>0+1]
= Tt - Lut(no)
(u,v)eN* (u,v)eN*
a—n<u<i+n i—n<u<i+n

v>0—1 v>0+1
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= Lo
(u,v)en*
I—n<u<i+n
0—1n<v<0+7

(T—1n,0+1n) (A+n,9+1)

(B—n,0-1) A (@ +n,0-1)

Bottleneck distance and stability of persistence diagrams

Our next goal is to introduce a metric for the space of persistence
diagrams. To do that, we have to see how ,Bﬁ(u, v) changes when ¢
changes. In the following, we will use the symbol C (1) to denote
the set of p-chains in K.

A lower bound for the natural pseudo-distance

Proposition 34. Assume ¢, : Vert K — Rand ||¢ — |0 < 1. Then for
every (u,v) € A we have that B%(u —n,v+1) < ﬁ;f(u, v).

Proof. Let us choose an ordered basis (a1, ..., &) of the vector space
Hf(u—n,0+1n) C H,,(KZJM). Let us arbitrarily choose z; € a; with
z; € C,f(u —1n) fori = 1,...,m. For each index i, we can consider
the homology class &; € H;f (u,v) that contains z; (observe that

zj € C;f(u), because ||¢ — Y|l < 7). Let us now prove that the
homology classes &; are linearly independent in Hz(u, v). If My +
coi Ay, =0 € H;f(u, v) :=Im lf:, C HP(KZJ), we can find a chain
v E Czﬂ (v) such that 9y, 17 = A1z1 + ... + Amzp. Since [[¢ — Pl <
1, we have that v € CZ’H(U +17), and hence Aag + ... + Ay =

Figure 25: The set Q,, cited in Corol-
lary 2. The points in black are included.
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0 € Hj(u—n,0+7) := Im iﬁv,vm - H,,(KZ’H). We know that
«1,...,&y are linearly independent, and hence A = ... = A, = 0.
Therefore, &1, ..., &, are linearly independent too. This proves that

dim Hf (u — 1,0+ 1) gdimelp(u,v). O

Corollary 3. Assume @, : Vert K — R and G is a group of isomorphisms
from K to K. If (u,0) € A* and B (u—1n,0+1) > ﬁl,,/j(u, v), then

Proof. Proposition 24 guarantees that ‘Bl,/jog (u,v) = ,Blﬁ(u, v) for ev-
ery (u,v) € A" and every ¢ € G. Because of Proposition 34, the
inequality ) (u —n,041) > ﬁ;f(u,v) = ,B;fog(u,v) implies that

lop —poglle > 1 forevery g € G. It follows that dg (¢, ¢) :=
mingec [|¢ — o glleo > 7. O

Proposition 34 has the following interesting consequence.

Proposition 35 (Local constancy of multiplicity). Assume ¢ : Vert K —
R. Ifp = (1,0) € A", then there is a real number ij > 0 such that if
Y ePand || — |l < 5 with0 <y < 7, then the closed square

Q= {wo)ea - ju—a| <y lo—3 <y}

contains exactly u?(p) (proper) points (counted with their multiplicities) of
the persistence diagram Dgm (¢).

Proof. By Proposition 28, a sufficiently small ¢ > 0 exists such that
the set Ve(p) := {(u,0) € R* : lu—il| < g|v—10] < gu #

il,v # 0} is contained in A" and does not contain any discontinuity
point of ,Bﬁ Proposition 32 (Propagation of discontinuities from
cornerpoints) implies that  is the only point of A™ that could belong
to both Dgm(¢) and the open square

Qe:={(wv)eAT :lu—i| <eg|v—10| <e}.

Let 77 be a real number such that 0 < 77 < 5. For each real number
n with 0 < < 7, let us take a sufficiently small positive real number
0 < nwith2y+0J < gsothatit +2y+6 < 0 — 25 — 6 (we recall
that i +¢ < 0 — ¢, since Ve(p) C AT). We definea = (i +n+ 9,0 —
n—206),b={—-n—-060-—n—08),c=(a+n+60+n+06),e =
(1 —n — 3,94 1+ ) as illustrated in Figure 26.

By applying Proposition 34 twice,

BY(1+6,5—0) < ph(a) < BY(a+2y+6,5— 25— d).
Since ﬁ;’; is constant in each connected component of the set V,(p),

Bh(i+6,0—08) =Bh(a) = BY(1+ 21+ 6,0 — 25— ).
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Figure 26: The set Q. used in the
proof of Proposition 35. The set V
is obtained from Q. by removing the

| |

i i points displayed in red.
|

 ee e |

| I I

e 1 1P |

: 1 ; o(li+ 0,7 + )

| | | =1 ‘ . _
b g= it 609 -0)
} ¢ o (A+2n+0,0-2-0)
| |

| |

This implies that B%(a) = ﬁ;’;(a) Analogously, we can prove that
B(b) = Bp(b), Bh(c) = Py(c), and Bi(e) = B (e). Hence, 7 (p) =
P‘;’mrm(?) = V$+5,17+5(ﬁ)' From Corollary 2 (applied to ), it follows
that u?(p) is equal to the number of cornerpoints in Dgm(¢) that

are contained in the semi-open square Q,H(; with vertexes a, b, ¢, e,
defined by setting

Q,]+,5 ={(u,v) €At ii—n—-Sd<u<ia+n+6,0-—n—-58<v<0+n+d}

This is true for any sufficiently small § > 0. Therefore, u?(p) is equal
to the number of cornerpoints in Dgm(¢) contained in the closed

square Qy = s=0 Qy+o- O

To proceed, we have to endow the set A* = A* U {A} with the
extended metric d introduced in the following definition.

Definition 54. For every p,q € A* we set d(p,q) equal to

min {max{|u - u’|,|v—v’|},max{%,%}} ifp=(u9),q= W, o)eAt
u—u'| if p=(u,00),q = (u,00)
7 ifp=(u,0) €AY, q=A
o ifp=24,q= () eAt

0 ifp=24,q9=A

) otherwise.

Proposition 36. The function d given in Def. 54 is an extended metric.
Exercise 18. Prove Proposition 36.

We can now introduce a metric between persistence diagrams.



Definition 55. For each pair (Dgm(¢), Dgm(¢’)) we set

match (Dgm(¢), Dgm(¢')) := e o sup )d(Pr‘T(P))
7/ peDgm(¢p

where S(¢, ¢') is the set of all matchings from Dgm(¢) to Dgm(¢’).
Proposition 37. The function dpacn is a metric.

Proof. 1. We have that

dmatch (Dgm(¢@), Dgm(9)) := ae§?£ ” gup( )d(PIU(P))
v/ peDgm(¢

< sup d(p,id(p)) =0.
peDgm(¢)

2. If dpaten (Dgm(¢), Dgm(¢’)) = 0, then for every ¢ > 0 we can
find a matching o € S(¢, ¢') such that d(p,oe(p)) < ¢ for every
p € Dgm(¢), and hence u?(p) < u?(p) for any p € A+ and
v¥(p) < v¥ (p) for any p = (u,00). Analogously, u? (p) < u?(p)
forany p € AT and v? (p) < v?(p) for any p = (u, o). Therefore,
Dgm(¢) = Dgm(¢');

3. We have that

dmatch (Dgm(¢), Dgm(¢)) := _inf — sup d(p,c(p))
o€5(29") peDgm(p)

= inf = sup d(o(p),p)
7€5(¢9") peDgm(¢)

= inf sup d(g, a_l(q))
771€5(9',9) geDgm(¢’)
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Figure 27: The open ball of center

p and radius r with respect to the
metric d in the cases 1) r < d(p,A), 2)
r=d(p,A),3)d(p,A) <r<2d(p,A), 4)
r>2d(p,A).
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_ inf sup d(q/ ‘7_1(‘1))
o 1€S(¢",9) geDgm(g')

= dmatch(ng(¢,)l ng((P))/

4. Ifoc € S(¢,¢')and 0’ € S(¢',¢"), thend(p,c’(c(p))) <
d(p,o(p))+d(c(p),d’ (c(p))) for every p € Dgm(¢), and hence

sup  d(p,c’(c(p))) < sup (d(p,a(p)) +d(c(p),d'(e(p))))
p€Dgm(¢) p€Dgm(¢)

< sup (d(p,o(p))+ sup d(o(p),d'(c(p))))
pEDgm(¢) pEDgm(¢)

= sup d(p,a(p))+ sup d(g,c(q)).
peDgm(¢) geDgm ()

It follows that for every ¢’ € S(¢, ¢')

match (Dgm (), Dgm(¢")) = ot sup )d(PrU"(P))
! pebDgm(¢

= inf  sup d(p,d'(c(p)))
7'eS(q )peng(qo)

< sup d(p,o(p))+ inf sup d(q,0'(q))

peDgm(¢) 7'€5(¢',9") geDgm(y)
< sup d(p,0(p)) + dmaten(Dgm(¢’), Dgm(9")).
pEDgm(o)

By computing the infimum for ¢ varying in S(¢, ¢’), we obtain the
triangle inequality

dmatch (ng( (P)r ng((PN) ) < dmatch (ng(¢)/ ng( (P/) ) + dmatch (ng( (Pl)r ng((PH) ) :
O
The metric dy,ch is called bottleneck distance or matching distance.

Proposition 38. If ¢, : Vert K — Rand ||¢ — ¢|| < &, then for any
finite multiset X C Dgm(¢@) N AT with minyex d(x, A) > ¢, there is an
injective multiset map o : X — Dgm(¢) s.t. maxyex d(x,0(x)) <e.

Proof. Let X = {p1,...,px}, where each p; = (u;,v;) has multiplicity
in X equal tom; < u?(p;), and set m := Z;‘(:1 m;. Let us set ¢y :=
Lo + Ly forevery t € [0,¢]. Then, for every t,t' € [0,¢], ||pr —

@y |lo < |t —#'|. Now we will consider the set A of all values § € [0, ¢
for which an injective multiset map 05 : X — Dgm(¢s) exists,

such that d(p;,05(p;)) < ¢ for every p; € X. In other words, if we
think of the variation of t as the flow of time, A is the set of times

¢ for which the cornerpoints in X move less than ¢ itself, when ¢ is
changed into @;. We want to prove that sup A = e. First of all, we
observe that A is non-empty, since 0 € A. Let us set 6 = sup A and
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show that § € A. Indeed, let (5,) be a non-decreasing sequence in A,
converging to 4. Since 6, € A, for each n there exists an injective map
05, : X = Dgm(¢;, ), such that max]-d(pj, U,;n(pj)) < 4,. Since 6, < ¢,
max; d(pj,05,(pj)) < e for any n. Thus, 05, (p;) € Qe(p;) for any n,
where Q¢(p;) = {(u,v) € AT :uj—e <u<uj+evj—e<v<vite}
for1 < j < k, because min,cx d(x,A) > & and hence the closed

square Q¢(p;) does not meet the diagonal A. Possibly by extracting a
subsequence, we can assume that the sequence 0;, (p;) converges for
any index j. We set fj := lim, e 05, (p;). We have that d(pj, pj) < 6.
Also, the following property holds:

(x) If pj,...,pj, € Xand § = pj, = ... = pj,, then the multiplicity
of § = (11,7) in Dgm(¢;y) is not smaller than r.

In other words, if a submultiset of cardinality  of X becomes a
singleton at time J, then the point § in such a singleton has a multi-
plicity not smaller than r.

Let us prove (). We know that é, < ¢ for any index n. Let 7 > 0.
If n is large enough then |6, — 5| < 7, and hence ||¢s, — @50 <
1. As a consequence, on the one hand, if # is small enough then
Proposition 35 (local constancy of multiplicity) guarantees that for
any large enough n the multiplicity 7 of § in Dgm(¢j) equals the
number of cornerpoints of Dgm(¢;, ) that belong to the closed square
Qy(q) ={(wv) e A" va—y <u<a+ni—n <o <
@+ 11}. On the other hand, Q,(7) contains at least the r cornerpoints
o5, (Pjr)s -, 05,(pj,) of Dgm(gs,), since limy 0 05, (pj,) = g for
1 <i <r. Therefore, > r, and (x) is proved.

In particular, 7 is a cornerpoint in Dgm(¢;). In order to conclude
that § € A, it is now sulfficient to consider the multiset map o5 : X —
Dgm(¢;) taking p; to p; for every p; € X. Property (*) guarantees
that o5 is injective. So we have proved that sup A € A, ie. supA =
max A. We end the proof by showing that max A = ¢. In fact, if § < ¢,
by using Proposition 35 once again, it is not difficult to show that
there exists 7 > 0, with § + 7 < ¢, and an injective multiset map
0554y from the multiset {py, ..., Py} to the multiset Dgm(¢;,,) such
that d (ﬁ}, 055 +,7(;7})) < 1 for 1 < j <k, where p; denotes the i-th copy
of pj in the multiset o5(X). Hence 055, 0 05 : X — Dgm(¢;,,) is
an injective multiset map and, by the triangle inequality, d(p;, 5 5 4y ©
05(pj)) < 6+ for1 < j <k, implying that § + 1 € A. This would
contradict the fact that 6 = sup A. Therefore, ¢ = max A, and hence
e € A. O

The following result extends to the points at infinity Proposi-
tion 38. We omit the proof, which is quite analogous to the proof of
Proposition 38.
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Proposition 39. If ||¢ — ¢||e < ¢, then for any finite multiset of cor-
nerlines X' C Dgm(¢), there exists an injective multiset map o : X' —
Dgm () such that d(x,o(x)) < e for every x € X'.

Now we can prove that it is possible to injectively match all the
points of Dgm(¢) with points of Dgm(1), making a maximum dis-
placement not greater than ||¢ — ¢||c.

Proposition 40. If [|¢ — ¢||« < ¢, then there exists an injective multiset
map T : Dgm(¢) — Dgm(y) such that d(x,T(x)) < e for every
x € Dgm(o).

Proof. Set X7 := {p € Dgm(¢) : d(p,A) > e} and X; := {p €
Dgm(¢) : d(p,A) < e}. The cardinality of X; is finite, according
to Proposition 30 and Proposition 31. Therefore, Proposition 38 and
Proposition 39 guarantee the existence of an injective multiset map
7y from the multiset X; to Dgm(¢), such that d(x, 7(x)) < eand
T(x) # A for every x € Xj.

We can now consider an injective multiset map 1, from the multi-
set X, to the multiset containing just the point A with infinite multi-

plicity.
The map 7 that coincides with 73 on X; and with 7> on Xj is the
wanted injective multiset map 7. O
We now recall the following well-known result 8. 8 K. Kuratowski and A. Mostowski.
Set theory. PWN—Polish Scientific
Theorem 10 (Cantor-Bernstein Theorem). Let A and B be two sets. If Publishers, Warsaw; North-Holland

Publishing Co., Amsterdam, 1968.
. ] . Translated from the Polish by M.
h: A — B. Furthermore, we can assume that the equality h(a) = b implies Maczyniski

that either f(a) = b or g(b) = a (or both).

two injections f : A — Band g : B — A exist, then there is a bijection

A B Figure 28: The classical construction
used to prove the Cantor-Bernstein
Theorem. Each arrow denotes a local

bijection.
We are now ready to prove a key result in TDA.
Theorem 11 (Matching Distance Stability Theorem). 9 9 David Cohen-Steiner, Herbert Edels-
brunner, and John Harer. Stability of
dmatch(ng((P)r ng(w)) < || ¢ — w“oo persistence diagrams. Discrete Comput.

Geom., 37(1):103-120, 2007. ISSN o179-
5376. DOI: 10.1007/S00454-006-1276-5.
URL http://dx.doi.org/10.1007/
500454-006-1276-5
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Proof. Proposition 40 implies that there exist an injective multiset
map T : Dgm(¢) — Dgm(¢) such that d(x, 7(x)) < e for every

x € Dgm(¢), and an injective multiset map 7’ : Dgm(y) — Dgm(¢)
such that d(y, v'(y)) < eforeveryy € Dgm(y). Then the claim
follows from the Cantor-Bernstein Theorem, by setting A equal to a
realization of Dgm(¢) and B equal to a realization of Dgm(¢). O

Corollary 4. Assume @, : Vert K — R and G is a group of isomorphisms
from K to K. Then

dmatch (Dgm(¢), Dgm(y)) < dc (¢, ).
Proof. From Proposition 29 and Theorem 11 it follows that
dmatch(ng(q))l ng(#’)) = dmatch (ng((P)f ng(lP © g))
<llg—vogle
for every g € G. This implies the wanted inequality. O

Definition 56. If ¢ is a matching from Dgm(¢) to Dgm(1) and the

equality maXy,epgm(gp) d(p,o(p)) = dmatcn (ng((P)r ng(lP)) holds,
then we say that & is an optimal matching.

We observe that for each pair (Dgm(¢), Dgm(i)) of persistence
diagrams at least an optimal matching 7 : Dgm(¢) — Dgm(1) exists.

Exercise 19. Find a simplicial complex K and two continuous functions
@, : Vert K — R such that

0= dmatch(ng(q))/ng(lp)) < dG(q)/ l/J)






Non-expansive equivariant operators

Until now, we focused on data, ignoring the role of observers. How-
ever, it is well-known that different observers can have different re-
actions in the presence of the same data, and this suggests that we
should study the pairs (data, observer) rather than just the data.

If data analysis were not dependent on the chosen observer, then
physicians” diagnoses would always be identical, scientists would
always see the same causes for each phenomenon, and all people
would agree in judging who the heroes and villains in a movie or a
political event are.

In this chapter we will refer to the epistemological setting de-
scribed by the following assumptions.

1. Data are represented as functions defined on topological spaces,
since only data that are stable with respect to a certain criterion
(e.g., with respect to some kind of measurement) can be consid-
ered for applications, and stability requires a topological structure.

2. Data cannot be studied in a direct and absolute way. They are
only knowable through acts of transformation made by an agent
that observes the data. From the point of view of data analysis,
only the pair (data, observer) matters. In general terms, observers
are not necessarily endowed with purposes or goals: they are just
ways and methods to transform data. Acts of measurement are a
particular class of acts of transformation, that can or not be at the
service of a global goal quantified by a loss or a reward function.

3. Observers are described by the way they transform data while
respecting some kind of invariance. In other words, any observer
can be seen as a group equivariant operator acting on a function
space.

4. Data similarity depends on the output of the considered observer.

In other words, in this chapter we will assume that the analysis
of data is replaced by the analysis of the pair (data, observer). Since
an observer can be seen as a group equivariant operator, from the
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mathematical viewpoint our purpose consists in presenting a good
topological theory of suitable operators of this kind, representing
observers. For more details, we refer the interested reader to 1°.

Data representation. Let K be a simplicial complex. In our mathemat-
ical model, each space of data is represented as a function space, that
is, as a set ® of real-valued functions ¢ : Vert K — R. We assume that
@ is endowed with the distance

Do (91, 92) = [|¢1 — ¢2|| o - (3)

We can think of K as the space where one makes measurements, and
of ® as the set of admissible measurements.

The set Vert K is endowed with the pseudo-metric Dyt x which
distinguishes points only if they are seen as different by some mea-
surement:

Dvert k(v1,02) = sup |¢(v1) — ¢(02)] )
ped
for every vy,v, € Vert K. We recall that a pseudo-metric is just a
distance d without the property that d(a,b) = 0 implies a = b.
We will assume that the metric space ® is large enough to imply
that Dyt  is a distance.

Transformations on data and equivariance. We assume that data can be
transformed through ®-preserving isomorphisms. The set of these
isomorphisms will be denoted by the symbol Isog (K). This set is a
group with respect to the composition of maps.

Proposition 41. If ¢ € Isog(K), then g is an isometry (and hence a
bijective maps) with respect to Dyert k-

Proof. Let us fix two arbitrary vertexes v, v’ in X. Obviously, the map
Ry : @ — @ taking each function ¢ to ¢ o g is surjective, since

¢ = Rg (Rg,l((p)) Hence R¢(®) = ®. Therefore, g preserves the
distance Dvert k:

Dvert k(8(x), g(x")) = sup |¢(g(v)) — ¢(g("))]
ped

= sup|(pog)(v) — (pog)(¥)] )
ped

= sup [9(v) — (V)] (6)
PER (D)

= sup |¢(v) — ()| = Dvert k(v, 7).
pcd

Since g is bijective, it follows that g is an isometry w.r.t. Dyert k. O

° P. Frosini. Towards an observer-
oriented theory of shape comparison:
Position paper. In Proceedings of the
Eurographics 2016 Workshop on 3D Object
Retrieval, 3DOR “16, page 5-8, Goslar,
DEU, 2016. Eurographics Association.
ISBN 9783038680048
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Let us now consider a subgroup G of the group Isog(K). G repre-
sents the set of transformations on data for which we require equiv-
ariance to be respected. We already know that G is endowed with the
pseudo-metric defined by setting

Dc(g1,82) = sup Da(¢ 0 81,9 0 g2) 7)
ped
for every g1,82 € G. Dg measures the distance between two iso-
morphisms as the difference of their actions on the set ® of possible
measurements.

Proposition 42. D is a metric, provided that Dyey  is a metric.
Exercise 20. Prove Proposition 42.

As we know, the pair (®, G) is called a perception pair. The group
G of transformations can be either learned, or fixed as part of prior
knowledge.

Group Equivariant Non-Expansive Operators. If two perception pairs
(®,G), (Y, H) are given, together withamap F : & — Y and a
homomorphism T : G — H such that F(¢ o g) = F(¢) o T(g) for
every ¢ € ®,g € G, the pair (F, T) is said to be a group equivariant
operator (GEO) from (®,G) to (¥, H).

We observe that the functions in ® and the functions in ¥ are
defined on domains that are generally different from each other, and
the equivariance groups G, H can be different from each other as
well.

Definition 57. If (F,T) is a group equivariant operator from (®,G) to
(Y, H) and F is non-expansive (i.e., Dy (F(¢1),F(¢2)) < Do (91, ¢2)
for every @1, 92 € @), then (F,T) is called a Group Equivariant Non-
Expansive Operator (GENEO).

Example 5. Let K be the set of all vertexes and edges of a regular hexagon,
with the natural incidence relation, ® be the set of all functions from Vert K
to [0,1], and G be the group of all rotations that take the hexagon to itself.
Analogously, let L be the set of all vertexes and edges of a reqular triangle,
with the natural incidence relation, ¥ be the set of all functions from Vert L
to [0,1], and H be the group of all rotations that take the triangle to itself.
Let vy, . .., vs be the vertexes of the hexagon and wy, wq, wy be the vertexes
of the triangle. Now, let us consider the map F : & — Y taking each
function ¢ € P to the function p € ¥ defined by setting Pp(w;) =
w, where the sum i + 3 is intended modulo 6. Let T : G — H
be the homomorphism taking each rotation of « degrees to the rotation of

20 degrees. We can easily check that (F, T) is a GENEO from (®,G) to
(¥, H).
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The following statement makes clear how GENEOs act on the
natural pseudo-distances.

Proposition 43. If (F,T) is a GENEO from (®,G) to (¥, H), then Fis a
contraction with respect to the natural pseudo-distances dg, dy.

Proof. Since F is a GENEQ, it follows that

heH

< min Dy (F(¢@1), F(¢2) o T(g)) ®)
8€G

= miélD‘Y (F(¢1),F(9209))
g€

< min Dg (431,4)2 Og) = dG(q)l/ 992)'
g€eG

du(F(g1), F(92)) = min Dy (F(¢1), F(p2) oh)

Compactness and convexity of the space of GENEOs. We can prove
that if the function spaces are compact and convex, then the space
of GENEOs is compact and convex too. The compactness guaran-
tees that the space of GENEOs can be approximated by a finite set.
The convexity implies that new GENEOs can be obtained by convex
combinations of pre-existing GENEOs.

If 7¢I := GENEO ((®,G), (¥, H)) is the set of all GENEOs /F,T)
from (®,G) to (¥, H), then the following theorem holds:

Theorem 12. If ® and Y are compact with respect to D and D, respec-
tively, then F2U' is compact with respect to the metric

Dgeneo (Fi, B2) := sup Dy (Fi(¢), E2(¢)) - 9)
ped

Proof. We know that (F2!, Dggngo) is @ metric space. Therefore it
will suffice to prove that F2!! is sequentially compact. In order to

do this, let us assume that a sequence (F;) in 7! is given. Given
that ® is a compact (and hence separable) metric space, we can find
a countable and dense subset ®* = {¢;};cn of ®. By means of a
diagonalization process, we can extract a subsequence (F/) from (F;),
such that for every fixed index j the sequence (F/(¢;)) converges to
a function in ¥ with respect to Dy. Now, let us consider the function
F : @ — Y defined by setting F(¢;) := lim;_ F/(¢;) for each

Q; € D*.

We extend F to @ as follows. For every ¢ € @ we choose a se-
quence (¢;,) in ®*, converging to ¢ € ®, and set F(¢) := lim; 0 F(@j,).
We claim that such a limit exists in ¥ and does not depend on the se-
quence that we have chosen, converging to ¢ € ®. In order to prove
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that the previous limit exists, we observe that F : ®* — ¥ is non-
expansive. We have indeed that for every a, b € N

Dy (F(¢a), F(gy)) = Dy (}gg Fi(ga), Jim, Ff’<%>)
= hrn D‘{f (Fl/(([)ﬂ)/le(q)b))
1—00
< lim Do (90, 94) = Do (90, 90),

because each F/ is non-expansive.

Since the sequence (¢;,) converges to ¢ € @, it follows that
(F(¢j,)) is a Cauchy sequence with respect to Dy. The compactness
of ¥ implies that (F(¢;,)) converges in .

If another sequence (¢y, ) in given in ®*, converging to ¢ € @, then
Dy (F(¢;,), F(¢x,)) < Do (9}, ¢x,) for every index r € N.

Since both (¢;,) and (¢, ) converge to ¢, then it follows that
lim; 00 F(@j,) = lim, 0 F(@, ). Therefore the definition of F(¢)
does not depend on the chosen sequence (¢;,), converging to ¢.

Now we have to prove that F € F?I, i.e., that F verifies the
properties defining this set of operators. We have already seen that
F: 92— Y.

For every ¢, ¢’ we can consider two sequences (¢;,), (¢k,) in ®*,
converging to ¢ and ¢, respectively. Due to the fact that the opera-
tors F/ are non-expansive, we have that

D (Flp), F(¢')) = Dy (lim Flg;), lim F(gx,)
= Dy <hm hm F(9;,), hm hm E ((Pk,)>
= lim lim Dy (F/(¢;,), F/(¢x,))

7= j—00

< lim 11m Do ((p]r, @k, )

r—00 |

= lim Dq> (go]r, (Pk )

r—»00
= Dq) (go,go ) .

Therefore, F : ® — Y is non-expansive. As a consequence, it is also
continuous.

We can now prove that the sequence (F/) converges to F with
respect to Dgpngo- Let us consider an arbitrarily small e > 0.
Since @ is compact and ®* is dense in ®, we can find a finite sub-
set {@;,,..., ¢;,} of ®* such that for every ¢ € @, there exists an
index r € {1,...,n}, for which Dy (¢, ‘Pjr) <e

Since the sequence (F/) converges pointwise to F on the set ®*, an
index 7 exists, such that Dy (F(¢;,), F/(¢;,)) < € foranyi > 7and
any r € {1,...,n}. Therefore, for every ¢ € ® we can find an index
r € {1,...,n} such that Dg (¢, ¢;,) < € and the following inequalities
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hold for every index i > 7, because of the non-expansivity of F and

Dy (F(¢),F/(¢))
< Dy (F(¢),F(¢j,)) + Dy (F(q’jr)/Fi/(Gf’j,)) + Dy (Fi/(ﬁf’j,)rpi/(fl’))
< Do (¢,9;,) + Dy (F(9;,), F/(¢,)) + Do (9},, ) < 3e.

We observe that 7 does not depend on ¢, but only on € and on the
set {@j,,..., ¢j,}. It follows that Dy (F(¢), F/(¢)) < 3e for every
@ € ®andeveryi > 1.

Hence, sup . Dy (F(9), F/(9)) < 3e for every i > 1. Therefore,
the sequence (F/) converges to F with respect to DGeNgo-

The last thing to show is that F is group equivariant. Let us con-
sider a ¢ € ®, and a g € G. We have that

F(pog) = lim Fi(¢og)
= lim (F(¢) 0 T(g))

_ (1;10 P;((p)) 0 T(g)

= F(p) o T(g).

This proves that F is group equivariant, and hence a GEO. In conclu-
sion, F is a GENEO. From the fact that the sequence F/ converges to F
with respect to Dgpngo, it follows that (F21, Dgengo) is sequentially
compact. O

Exercise 21. Prove that the statement of Theorem 12 does not hold for
group equivariant operators, by giving a counterexample where ®, ¥, X, Y,
G and H are compact, but the space of GEOs is not compact with respect to

the metric Dggo (F1, B2) = SUP e Dy (Fi(¢), B(¢)).

Let us now assume that (F;, T), (F,, T),..., (F,, T) € Fal If
(a1,a2,...,a,) € R"with )/ ; [a;| < 1and ¥ is convex, then we
set

Fe(p) = Y aiFi(g) (10)
The following theorem holds.

Proposition 44. If . (®) C Y, then (Fx, T) is a GENEO from (®,G) to
(¥, H).

Proof. First we prove that (Fy, T) is a GEO. Since every (F;, T) is a
GEO we have that:

F(pog) = iaiFi(wg)

i=1
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Since every F; is non-expansive, Fy, is non-expansive:

Dy (Fs(¢1), Fz(¢92)) =

n n
Y aiFi(p1) — ) aiFi(¢2)
i=1 i=1

n

[e9)

1ﬂi(Fi(<P1) — F(¢2))

i= I~

azl II(F Fi(92))llos

Iazl 91 — ¢2llee < Do (@1, 2) -

n
n
Therefore (Fy, T) is a GENEO. O

Theorem 13. If ¥ is convex, then the set of all maps F such that (F,T) isa
GENEO from (®,G) to (¥, H) is convex.

Proof. 1t is sufficient to apply Proposition 44 for n = 2, by setting
a; =t,ap =1—tfor 0 <t <1, and observing that the convexity of ¥
implies F(®) C Y. O

In our model, the observers are represented by GEO and GENEOs.
Indeed, each observer can be seen as a black or white box that re-

ceives and transforms data. If a nonempty subset F of GENEO ((®, G), (¥,

is fixed, a simple pseudo-distance D r ¢ (¢1, ¢2) to compare two ad-
missible functions ¢1, ¢, € ® can be defined by setting Dr ¢ (91, ¢2) =
suppe 7 |[F(¢1) — F(¢2)||eo- This definition expresses our assump-

tion that data comparison strongly depends on the choice of the
observers. However, we note that the computation of Dr (@1, ¢2)

for every pair (¢1, ¢2) of admissible functions is computationally
expensive. In the next section, we will see how persistent homology
allows us to replace D r ¢ with a pseudo-metric Dr]; ’aktch that is com-
putationally more efficient, stable and, above all, strongly invariant
with respect to the action of G.

Pseudo-metrics induced by persistent homology. Let us consider a subset
F # @ of F2l. To compare data under the action of F, one could
simply define the pseudo-metric D r ¢ by setting, for @1, ¢ € @,

Dro(¢1, 92) == sup [F(91) — F(92) |lco- (11)
cF

H))
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Though, the computation of D ¢ (1, ¢2) for every pair (@1, ¢2) of
admissible functions is computationally expensive. Persistent ho-
mology allows us to replace D r ¢ with a pseudo-metric Dﬁ;kt h com-
putationally more efficient, stable and, above all, strongly invariant
with respect to the action of G. We recall that a pseudo-metric d on
D is strongly G-invariant if it is invariant under the action of G with
respect to each variable, i.e., if

d(p1, 92) =d(9108 ¢2) =d(p1,9208) =d(p108 ¢208)

for every @1, 92 € ® and every g € G.
For any fixed degree k, we define the pseudo-metric D7 ]tch on &:

Diicn(91,92) 1= SUP dmaten (Dgm(F (91)), Dgm(F(g2))  (12)
S
for every @1, 92 € ®. Observe that this pseudo-metric is an optimal

lower bound for the metric defined in (11). Then:
Proposition 45. DF hich 18 a strongly G-invariant pseudo-metric on ®.

Proof. The Matching Distance Stability Theorem 11 and the non-
expansivity of every F € F imply that

Amatch (Dgm(F (1)), Dgm(F(¢2))) < Dy (F(¢1), F(¢2))
@ (¢1,92) -

Therefore Di;kt o 18 @ pseudo-metric, since it is the supremum of
a family of pseudo-metrics that are bounded at each pair (¢1, 7).
Moreover, for every ¢1, ¢ € ® and every g € G

D (91, 9208) = sup dmatch (DgM(F (1)), Dgm(F(¢2 0 8)))
€

= }Srggdmatch(ng“:((Pl))'ng(F((PZ) o T(g)))

= [STlelp dmatch(ng( ( 1))/ng(F(§02))

= ’Dr}r:atch ( P1, (P2>

because of the equality F(¢ o g) = F(¢) o T(g) for every ¢ € P
and every ¢ € G and the invariance of persistent homology under
the action of the homeomorphisms. Since the funct1on D7 at ch is
symmetric, this is sufficient to guarantee that D7 N at o, is strongly G-

invariant. ]

Exercise 22. In the proof of Proposition 45 we have used the statement that
the supremum of a family of bounded pseudo-metrics is still a pseudo-metric.
Prove this statement.
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The pseudo-distance Dr]; ’aktch is stable with respect to both the
pseudo -metric dg and the metric Dg. This fact guarantees that
DF “tch €an be used in the presence of noise as it is stated in the fol-
lowmg result.

Theorem 14. If F is a non-empty subset of F21, then

DIk < de < De. (13)

match —

Proof. For every F € D7
have that

every § € G and every @1, g2 € O, we

match’

dmatch (Dgm(F(¢1)), Dgm(F(¢2)))

= dmatch (DgmM(F (1)), Dgm(F(¢2) 0 T(g)))
= dmatch (Dgm(F (1)), Dgm(F(p208)))

< Dy (F(¢1), F(9208)) < Do (91, 9208)-

The first equality follows from the invariance of persistent homology
under the action of Isog (K) (Proposition 29), and the second equality
follows from the fact that (F, T) is a group equivariant operator. The
first inequality follows from the Matching Distance Stability Theo-
rem 11, while the second inequality follows from the non-expansivity
of F. It follows that, if F C Fal then for every § € G and every
Q1,02 €P

match((Pl/ ®2) < Do (91, 9208) - (14)

Hence, the inequality Dmat & < dg follows, while dg < Dy is a trivial

consequence of the definition of dg. O

We stress that the definitions of the natural pseudo-distance d¢g
and the pseudo-distance Di ;ktch come from different theoretical con-
cepts. The former is based on a variational approach involving the
set of all homeomorphisms in G, while the latter refers only to a com-
parison of persistent homologies depending on a family of group
equivariant non-expansive operators. Thus, the next result may ap-
pear unexpected. Indeed, the role of the group G is not explicitly

expressed in the definition of DFE - but implicitly encoded in the

match’
GENEQO s that are equivariant with respect to G. Moreover, the in-
formation contained in each single persistence diagram used in the
definition of Dﬁ Ltch 18 generally much smaller than the one expressed
by the natural pseudo-distance d.

Theorem 15. Let us assume that 72! := GENEO ((®,G), (®,G)), T
is the identity from G to G, every function in ® is non-negative, the k-th
Betti number of X does not vanish, and ® contains each constant function
¢ for which a function ¢ € ® exists such that 0 < ¢ < ||@||co. Then
DK — 4.

match —
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Proof. For every ¢' € @ let us consider the operator Fy : & —
® defined by setting F,/(¢) equal to the constant function taking
everywhere the value dg (¢, ¢) for every ¢ € @ (ie, Fy(¢)(x) =
dg (¢, ¢’) for any x € X). Our assumptions guarantee that such a
constant function belongs to ®.

We observe that

1. Fy is a group equivariant operator associated with T, because the
strong invariance of the natural pseudo-distance d¢ with respect to
the group G implies that if 9 € ® and g € G, then Fy (¢ o g)(x) =
(908 ¢') = do(9,¢') = Fy(9)(g(x)) = (Fp(9) 0 g)(x) =
(Fpr (@) 0 T(g))(x), for every x € X.

2. Fy is non-expansive on @, because for every ¢1, ¢, € ®

Dy (F¢’(‘P1)/F¢’((P2)> = ldc(¢1,¢") —dc(92, ¢')|
<dc(¢1,¢2) < Do (91, ¢2) .

Therefore, Fyisa GENEO.
For every @1, ¢2, ¢’ € ® we have that

dmatcn (DgM(Fyr (91)), Dgm(Fy (92))) = ldc (91, ¢') — dc (92, ¢')]-

Indeed, Dgm(F,/(¢1)) \ {A} contains only the point (dg (@1, ¢'), ),
while Dgm(F,/(¢2)) \ {A} contains only the point (dg (g2, ¢’), o).
Both the points have the same multiplicity, which equals the (non-
null) k-th Betti number of X.

Setting ¢' = ¢, we have that

Amatch (DgM(Fy, (91)), Dgm(Fy, (92))) = dc (91, ¢2).
As a consequence, we have that

all
DI X (91, 92) = dg (1, 92). (15)

By applying Theorem 14, we get

all
DI K (91, 92) = dg (91, 92)

for every ¢, ¢. O

We observe that if ® is bounded, the assumption that every func-
tion in ® is non-negative is not quite restrictive. Indeed, we can
obtain it by adding a suitable constant value to every admissible
function.

Here we show how Dﬁ’akt <, €an be approximated arbitrarily well
with a finite subset of operators.
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Proposition 46. Let F be a non-empty subset of 72 := GENEO ((®,G), (¥, H)).
For every € > 0, a finite subset F' of F exists, such that

!

k !
|D£atch(q01/ 4)2) - Drﬁaﬁch(@l’ 4)2)| S €

for every @1, 92 € D.

Proof. Let us consider the closure F of F in F2!. Let us also consider
the covering U of F obtained by taking all the open balls of radius 5
centered at points of F, with respect to Dggngo. Theorem 12 guar-
antees that Fl is compact, hence also Fis compact. Therefore we
can extract a finite covering {By, ..., By, } of F from U. We can set F’
equal to the set of centers of the balls By, ..., By.

Now, for every F € F,a F' € F' exists such that Dggngo(F, F/) <
5. The definition of Dggngo implies that Dy (F(¢), F'(¢)) < 5 for
every ¢ € ®. From the Matching Distance Stability Theorem 11 it
follows that

e (Dgm(F(91)), Dgm(F (1)) < &

and
Amatch (DgM(F(@2)), Dgm(F' (¢2)) <

for every ¢1, ¢ € P.

Therefore,

|dmatch (DEM(F (1)), Dgm(F(¢2)) — dmatcn (Dgm(F'(¢1)), Dgm(F' (¢2))|
< €.

As a consequence, Dri;iktch(q)l’ ¢2) < Dr/;a'fch(@l/ P2) e
Since 7/ C F, we know that Dria’fch(gol, ¢2) < Dr}r:;iktch(gol, @2).
From these two inequalities, the proof of our statement follows. O

Proposition 46 states that the approximation of Diékt n(P1,92) can
F'k

match
of a finite set of bottleneck distances between persistence diagrams,

be reduced to the computation of D (91, ¢2), i.e. the maximum
which are well-known to be computable by means of efficient algo-
rithms.

Finally, we observe that we can use persistent homology to define
a computable and stable pseudo-metric between GENEOs. If F;, F, €
Fall.— GENEO ((®,G), (Y, H)), for every fixed k € IN, we can set

Aceneo (Fi, F2) := sup dmaen(Dgm(Fi (), Dgm(F2(9)))  (16)
P
for which it holds Agengo < DGeNEO-
As a final remark, we observe that the approach based on GE-
NEOs and persistent homology can be used also when we wish to
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have equivariance with respect to a set instead of a group of home-
omorphisms. Indeed, whereas the definition of the natural pseudo-
distance dg requires that G has the structure of a group, the defini-

. Fk . .
tion of Dm htch does not need this assumption.

Exercise 23. Assume that F; € GENEO ((®1, Gy), (P2, Go)) with respect
to a homomorphism Ty : G — Gy, and F, € GENEO ((®;, Gp), (93, G3))
with respect to a homomorphism T, : Gy — Gs. Prove that F, o F; €
GENEO ((q)l, Gl)r (q)g, G3)) with T’ESPECt toTpo Tl-

Exercise 24. Assume that F,F, € GENEO ((®,G), (¥, H)) with
respect to a homomorphism T : G — H. Prove that max(F;, F,) €
GENEO ((?,G), (Y, H)) w.r.t. T, provided that max(F;, F)(®) C Y.

Exercise 25. Assume that F,F, € GENEO ((®,G), (¥, H)) with
respect to a homomorphism T : G — H. Prove that min(F;, F,) €
GENEO ((®,G), (Y, H)) w.r.t. T, provided that min(F;, F,)(®) C ¥.

Exercise 26. Assume that Fy,...,F, € GENEO ((®,G), (¥, H)) with
respect to a homomorphism T : G — H, and L is a 1-Lipschitz map
from R" to R, where R" is endowed with the max-norm. Consider the map
L*(F,...,F;) : @ = C%(X,R) defined as

L*(Fy, ... Fa)(9) i= [L(Fi(@), -, Fa(@))],

where [L(Fy (), ..., Fu(@))] is defined by setting

[L(E(@), - Fa(@)))(x) := L(Fu(@) (%), -, Fu(@) (x)).

Prove that L*(Fy, ..., F,) € GENEO ((®,G), (¥, H)) with respect to T,
provided that L*(Fy, ..., F,)(®) C ®.

Exercise 27. Assume that F; € GENEO ((®1,Gy), (Y1, H1)) with respect
to a homomorphism Ty : G — Hy, and F, € GENEO ((Dy, G), (Y2, Hz))
with respect to a homomorphism T, : Gy — Hp. Prove that Fi ® F, €
GENEO ((®1 @ ®,,G1 ® Gp), (¥1 ® Yo, H1 ® Hp)) with respect to the
homomorphism T1 @ T : G1 ® Gp — Hy ® Ha.

Links between GENEQOs and TDA

In this section we will list several links that exist between the theory
of GENEOs and TDA.

The operator taking ¢ to Dgm(¢) is a GENEO. In some sense, the
operator taking each continuous function to a suitable representation
of its persistence diagram can be seen as a GENEO. To show this, let
us consider a space ® of continuous functions ¢ : X — R whose
persistence diagrams are generic (in the sense that each point in
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Dgm(¢) has multiplicity equal to 1) and contain at least one point at
infinity. Let us endow P := {Dgm(¢) : ¢ € ®} with the Hausdorff
distance dpy associated with the usual pseudo-distance d on the set A*
(see Definition 54). We observe that each persistence diagram D € P
can be identified with the function ¢p : A* — R that takes each p €
A* to its distance d(p, D) from D. Moreover, if Dgm(¢;), Dgm(¢2) €
PP, then dp(Dgm(¢1), Dgm(¢2)) < [|91 — ¢2/[co-

Let us now assume that

G is the group of all self-homeomorphisms of X;

Y is the set of all continuous functions from A* to R;

H is the trivial group containing only the identity id : A* — A*;

T : G — H is the trivial homomorphism.

It is easy to prove that the operator taking each function ¢ € ® to
¥Dgm(p) is @ GENEO from ® to ¥ associated with T.

GENEQO:s restrict the invariance of TDA. In this Chapter, we have seen
that Dri ;ktch is a stable and strongly invariant pseudo-distance with
respect to G. It allows to restrict the invariance group of persistent

homology from Homeog (X) to G. This is of use in applications.

GENEQ s interact with biparameter Persistent Homology. In the Sec-
tion “??”, we have seen that the definition of the matching distance
between two bifiltrations ¢, : X — R? of the topological space

X can be seen as the supremum of the classical bottleneck distance
between the persistence diagrams associated with the filtrations
E,p(¢), Fap(¢) : X — R, where the operator F, j, is defined by setting
E.p(9) = P(a,p) 1t is interesting to observe that the operator F,  is

a GENEO for any value of a4 and b (provided that we consider the
natural extension of the concept of GENEO to operators acting on
vector-valued functions).

GENEOs can be compared by means of TDA. As we have seen in this
Chapter, Persistent Homology can indeed be used to define the com-
putable and stable pseudo-metric Agpngo-

Remark 11. Persistent Homology also gives a shortcut to compare elements
of each equivariance group G, by the pseudo-distance

Ac(81,82) = sup Amatch (DgmMy (@ 0 g1), Dgmy (¢ 0 g2))
@E
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Applications of Topological Data Analysis

In this chapter, we briefly illustrate two applications of TDA.

An application of persistence diagrams (from the book **) "

Multilocus sequence typing analysis. Within a single bacterial species
there can be many genetically distinct strains. Different strains can
have important functional differences. For example, some strains may
be more virulent than others and some may be more susceptible to
the immune responses generated by vaccines. Multilocus sequence
typing (MLST) is a method for detecting particular bacterial strains
that does not require whole-genome sequencing. It relies on the fact
that strains can be identified from certain representative genomic loci
selected from regions within housekeeping genes. Typically the size
of each locus is about 500 base pairs. Curated MLST data from labo-
ratories around the world is available in large online databases. Often
there are thousands of strains identified within a single pathogenic
species (over 10,000 in the case of Neisseria spp.). MLST data can be
used to study horizontal exchange of genomic material in bacteria.
Because different species have different loci, one can only examine
horizontal exchange within species. Furthermore, because all of the
selected loci exist within a few housekeeping genes, our analysis
does not provide information about events involving genes other
than these housekeepers. The data used here comes from PubMLST
2, For each of twelve bacterial species, one can construct a pseu- 12
dogenome by concatenating the typed sequence at each locus. Using
the Hamming distance metric, one can calculate a pairwise distance
matrix between strains and compute persistent homology on the re-
sulting metric space. The persistence diagrams in degree 1 for the
twelve bacterial species are displayed in Figure 29 (Source: '3). For B
the bulk of pathogens, there are three major scales of recombination:
one short-lived scale at intermediate distances, another longer-lived
scale at intermediate distances, and a third short-lived scale at longer
distances. Helicobacter pylori is a clear outlier, tending to recombine at
significantly lower scales than the other pathogens.
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An application of GENEOs

Finding pockets vian GENEOs. GENEOnet "4 is a shallow neural net-
work that exploits the rationale behind GENEOs to solve the problem
of protein pocket detection. The paradigm has been here declined for
the specific application here considered, but, with the right adjust-
ments, it could be extended and applied to many other situations.
The main reason for choosing this specific application is due to
some characteristics that make it very suitable to be treated with GE-
NEOs. First of all there is some important empirical knowledge that
is hard to embed in the usual machine learning techniques, but can
easily be exploited by a method based on GENEOs. For example it
is known that binding sites tend to be in the lipophilic areas of the
protein, otherwise they would continuously be filled with solvent,
having thus no chances to interact with any other ligand. Another
empirical rule says that if a pocket wants to host a binding site then it
should be able to accept and donate some hydrogen bonds otherwise
no ligand could find stable housing into that pocket. Secondly if we
rotate or translate a protein, its pockets will be as well transformed
in the same way, coherently with the entire protein. This clearly im-
plies that pocket detection is equivariant with respect to the group of
spatial isometries. We used these and some other pieces of informa-
tion to design a pool of GENEOs able to identify promising binding
sites. We first discretized the space surrounding the protein into vox-
els. Thus, GENEOnet falls in the group of grid-based computational
methods. Our choice for the GENEOs fell on convolutional operators
that process a set of “channels”, i.e., functions that reflect a reasoned
selection of geometric, physical, and chemical properties of a pro-
tein. The convolutional kernels of these operators have been designed
with a knowledge engineering process to exploit all the information

Figure 29: On the left, the persistence
diagrams in degree 1 for the twelve
strains of pathogens selected for this
study MLST profile data. Observe
three scales of recombination. On the
right, the birth time distribution for
each strain. There is an earlier scale of
recombination present in Helicobacter
pylori not observed in the other species.
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about the problem. Therefore, the final pool of GENEOs is composed
by families of operators, each parametrized by a shape parameter.
These parameters directly influence the shape of the kernels of the
operators belonging to the corresponding family and thus the action
of each single operator. These families are then networked through

a convex combination that allows us to explore a larger region of

the space of GENEOs. Indeed these second-level operators depend
on all the shape parameters and the convex combination weights.

A last parameter is needed to transform the output of the method
pipeline into a binary function. This function assigns to each voxel of
the space surrounding the protein the value 1 if it belongs to a pocket
and 0 otherwise.

The parameters of the model are then identified during an opti-
mization step, that employs the Adam optimizer. Optimization is
aimed to maximize our accuracy function that expresses a weighted
ratio of correct recognition of voxels lying either inside pockets or
outside pockets. Since GENEOnet depends eventually on 17 un-
known parameters only, the optimization is performed using a small
training set of ligand-protein complexes, that proved to be suffi-
cient to obtain a quite good accuracy in pocket identification. As a
byproduct of our model we also obtained a druggability score for
each identified pocket. In this way it is possible to rank the pock-
ets on the same molecule by scoring them in decreasing order. As a
consequence, a set of models trained on different training sets of the
same (small) size have been compared on a validation set, and the
model providing the best accuracy in the pocket ranking has been
selected.

In Figure 30 an example of results of GENEOnet applied to the
protein 2QWE is shown. The picture shows a relevant aspect of GE-
NEOnet: the depicted protein is made up of four symmetrical units
so that the true pocket is replicated four times. GENEOnet correctly
outputs, among the others, four symmetrical pockets which get high
scores. This happens thanks to equivariance, because the results of
the model on identical units are the same, with position and orien-
tation coherently adjusted. Moreover this happens even if the model
has been trained mainly on single chain examples.

In Figure 31 the results of a comparison of GENEOnet with other
state-of-the-art methods are displayed. We see that GENEOnet has a
better performance than all the other methods considered in the com-
parison; in particular if we look at T3, that is the fraction of proteins
whose true pocket is identified within the three top-ranked predicted
ones, we see that GENEOnet achieves a result of 0.941 which means
that, with this data, we can expect that more than 90% of the times
we will find the right pocket considering just the three pockets with
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Figure 30: Model predictions for protein
2QWE. In Figure a) the global view of
the prediction is shown, where different
pockets are depicted in different colors
and are labelled with their scores. In
Figure b) the zoomed of the pocket
containing the ligand is shown.

the highest score. All the other methods, instead, have a value of T3
below 0.9.
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Figure 31: Results of comparison on
the test set. Figure a) shows a bar chart
of the H; coefficients for the different
methods, reporting also the absolute
frequencies, while Figure b) shows

cumulative frequency curves.
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This is the first version of my lecture notes, and they could contain
many misprints and errors. Please report them to me at this email
address: patrizio.frosini@unipi.it.

PF
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p-boundaries, 37

p-boundary map, 37

p-chains, 37

p-cycles, 37

p-th homology group, 37
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ficients in Zj, 39

pth persistent homology group, 57

(regular) cycle, 16

Cech complex, 23

Dr e, 85

abstract simplex, 13

abstract simplicial complex, 13
adjacent, 16

admissible functions, 53
admissible measurements, 53
admissible signals, 53

affine combination, 11

affine hull, 11

affinely dependent, 11
affinely independent, 11
Alpha complex, 34
augmentation map, 50

barycentric coordinate, 20
Betti number, 39

body, 13

bottleneck distance, 74

category, 20

chain complex, 37

chain map, 44

coface, 12

collapsible, 35

compact, 12

complete, 16
contravariant functor, 22
convex, 12

convex combination, 12
convex hull, 12
cornerline, 63
cornerpoint at infinity, 63
covariant functor, 21

Delaunay complex, 29

dimension of a geometric simplicial
complex, 13

dimension of an abstract simplex, 13

dimension of an abstract simplicial
complex, 13

dimension of the geometric simplex,
12

edges, 16

elementary collapse, 35
elementary edge contraction, 19
essential cornerpoint, 63

face, 12, 13

faithful, 22

finite multiset, 62

formal linear combination, 37
free face, 35

general position, 29

geometric k-simplex, 12

geometric realization, 14

geometric simplicial complex, 13

good embedding map, 14

graph, 16

Group Equivariant Non-Expansive
Operator, 81

group equivariant operator, 81

induced map, 45

inverse of an elementary collapse, 35

isomorphic, 13

isomorphic up to edge contractions,
19

isomorphism, 13

isomorphism between chain com-
plexes, 44

leaf, 16

matching, 62
matching distance, 74
miniball, 24
morphisms, 21
multiplicity, 62
multiset, 62

multiset map, 62

natural pseudo-distance, 55
nerve, 22

objects, 20
optimal matching, 77

perception pair, 53

persistence diagram, 63

persistence module, 57

persistent Betti numbers function, 57
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PL map (piecewise linear map), 20
proper cornerpoint, 63

proper face, 12

pseudo-metric, 53

rank invariant, 57
realization of a multiset, 62
reduced Betti number, 51
reduced homology group, 50

region for I, 16
right action, 54

simplicial map, 20
strongly G-invariant, 86
subcomplex, 13

total multiplicity of the (g, 17)-box
centered at (u,v) , 59

trivial cornerpoint, 63

vertex map, 20

vertex scheme, 13

vertex set, 13

vertexes, 16
Vietoris-Rips complex, 25
Voronoi cell, 28

Voronoi diagram, 28
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