Chapter 2

Networks & Graphs: Basic Measures

Summary
° Graph representations
° Type of Networks
° Degree distribution
° Paths & Connectedness
° Clustering
Reading
° Chapter 2 of Barabasi's book




The Bridges of
Konigsberg

Can one walk across the seven
bridges and never cross the same
bridge twice?

Famous Konigsberg Citizens
Immanuel Kant (philosopher, 1724-1804)

Euler’s theorem (1735)

° If a graph has more than two nodes of odd degree,
there is no path.

° If a graph is connected and has no odd degree nodes, it
has at least one path.



Components of
a Complex System

Networks or Graphs?

Network <nodes, links>

refers to real systems
(www, social network, metabolic network)

Graph <vertices, edges>
mathematical representation of a network
(web graph, social graph)

Components

Interactions

System

nodes, vertices
edges, links

network, graph

Symbol

(N,L)



A Common
Language

The choice of the proper network
representation determines our ability to use
network theory successfully.

In some cases there is a unique, unambiguous
representation. In other cases, the
representation is by no means unique.

The way we assign the links between a group of
individuals will determine the nature of the
question we can studly.

N=4 L=4




Proper representations examples)

If you connect individuals that work with each other,
you will explore the professional network.
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Clauto Gonzslez

If you connect those that have a romantic and sexual
relationship, you will be exploring the sexual networks.
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Directedness

Undirected graphs Directed graphs (DiGraphs)
Links: undirected (symmetrical) Links: directed (arcs).

.\0

Examples of Undirected links Example of Directed links
Co-authorship links URLs on the www
Actor network Phone calls

Protein interactions Metabolic reactions




NETWORK

Internet

Www

Power Grid

Mobhile Phane Calls
Email

Science Collaboration
Actor Network
Citation Network

E. Coli Metabolism

Protein Interactions

NODES

Routers

Webpages

Power plants, transformers
Subscribers

Email addresses

Scientists

Actors

Paper

Metabaolites

Proteins

Reference Networks

LINKS

Internet connections
Links

Cables

Calls

Emails
Ca-authorship
Co-acting

Citations

Chemical reactions

Binding interactions

DIRECTED
UNDIRECTED

Undirected
Direcled
Undirecled
Directed
Directed
Undirected
Undirected
Direcled
Direcled

Undirected

192,244
325,729
4,941
34,595
57,194
23133
702,388
449,673
1,039

2,018

409,066
1,497,134
5,594
91,826
103,731
93,439
29,397,208
4,689,479
5,802

2,930



Degree,
Average Degree,
Degree Distribution




Node Degree

Undirected graphs Directed graphs (DiGraphs)
the number of links connected to the node we can define an in-degree and out-degree.
The (total) degree is the sum of in- and out-degree.

kin=2
KO =1
ke =

Source: a node with ki"=0;

Sink: a node with k°t=0.




A Bit of Statistics

Four key quantities characterize a sample

of N values XX

Average (mean):

<w>_$1+$2+....1$3_ 1 -
N N N 4 ‘

The nt" moment:

I R T
(m)— N _NZ

The Standard deviation:

1 N
o = \j 2 (e~ @)

i=1

The Distribution of x;

Pz = % Z 5iv,$i

i

where p_follows

;pz=1(/pzdm=l)



Average Degree

Directed graphs (DiGraphs)

Undirected graphs
N - the number of nodes in the graph




NETWORK

Internet

WWW

Power Grid

Mobhile Phone Calls
Email

Science Collahoration
Actor Network
Citation Network

E. Coli Metabolism

Protein Interactions

NODES

Routers

VWebpages

Power plants, transformers

Subscribers

Email addresses

Scientists
Actors
Paper
Metabolites

Proteins

LINKS

Internet connections
Links

Cables

Calls

Emails
Ca-authorship
Co-acting

Citations

Chemical reactions

Binding interactions

Reference Networks: Average Degree

DIRECTED
UNDIRECTED

Undirected
Directed
Undirecled
Directed
Directed
Undirected
Undirected
Direcled
Directed

Undirected

192,244
325,729
4,941
36,595
57194
23,133
702,388
449,673
1,039

2,018

609,066
1,497,134
0,594
91,826
103,731
93,439
29,397,908
4,689,479
5,802

2,930

(k)

6.33
4.50

2.67
2.51
1.81
8.08
83.71
10.43

(42
(93]
co

N
~O
o




Degree Distribution

P(k): probability that a randomly chosen
node has degree k
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Degree Distribution cont'd)

Discrete Representation: p, is the probability
that a node has degree k.

Continuum Description: p(k) is the pdf of the
degrees, where

/ " (k) dk

k1
represents the probability that a node’s degree is
between k, and k.

Normalization condition:

Sm=1 [ k-1

where K . is the minimal degree in the
network.



Adjacency matrix

Undirected graphs

ol1l o 1
110 0 1
A, =
| 0/0 0 1
111 1 0o

Directed graphs (DiGraphs)

N
j=1

O 0 0|0

1 0 0] 1

0O 0 01

1 0 0|0
Al.j;tAﬁ
A. =0
N

:ZA;']'



Paths and
Connectedness




Paths

A path is a sequence of nodes in which each
node is adjacent to the next one

i0,i

P.,., of length nbetween nodesijandi_isan
ordered collection of n+1 nodes and n links

Pn={z(, £y By ons £

P ={li, i), (i,,i), (i,i), s (i, i )}

In adirected graph, the path can follow only
the direction of an arrow.




Distance in a Graph

Undirected graphs
The distance (shortest path, geodesic path) between two
nodes is defined as the number of edges along the
shortest path connecting them.

B

D

*If the two nodes are disconnected, the distance is infinity.

Directed graphs (DiGraphs)
Each path needs to follow the direction of the arrows.

B

C
D

Thus in a digraph the distance from node Ato B
(on an AB path) is generally different from the distance
from node B to A (on a BCA path).



Number of paths between two nodes

Nij,number of paths between any two nodes i and j: Length n:

In general, if there is a path of length n between i andj,
Length n=1: then Aik...A”=1 and Aik'“AIj=O otherwise.
If there is a link between iand j, then A;=1and A;=0 .
otherwise. The number of paths of length n between i and j is!”
Length n=2: (n) n
If there is a path of length two between i and j, then Nl.f — [A ]l]

AikAkal’ and AikAkJ.=O otherwise.

The number of paths of length 2:
) Holds for both directed and undirected networks.

N
N® =2 4,4, =[47],

k=1



Finding Distances: BFS

Distance between node O
and node 4:

1. StartatO.




Finding Distances: BFS

Distance between node O
and node 4:

1. StartatO.

2. Find the nodes adjacent
to 1. Mark them as at
distance 1. Put themina
qgueue.



Finding Distances: BFS

Distance between node O
and node 4:

1. StartatO.

2. Find the nodes adjacent
to 1. Mark them as at
distance 1. Put themin
a queue.

3. Takethe first node out
of the queue. Find the
unmarked nodes
adjacent toitinthe
graph. Mark them with
the label of 2. Put them
in the queue.




Finding Distances: BFS

Distance between node O
and node 4:

Repeat until you find node 4
or there are no more nodes
in the queue.

The distance between 0 and
4 is the label of 4 or, if 4 does
not have a label, infinity.



Diameter and
Average distance

):

Diameter (dmax

the maximum distance between any pair of
nodes in the graph.

Average path length/distance, <d>, for a
connected graph:

1
dy=——) d.
<> 2L v

max i,j#i

where d,.j is the distance from node i to node j

In an undirected graph d’.]. =dﬁ, sowe only need to
count them once:

(&)= X4,

max i, j>i



Paths: a summary

Shortest Path
The path with the shortest length between two nodes
(distance). l1 4 = 3

l1—>5:2




Paths: a summary

Diameter
The longest shortest path in a graph.

l1—>4:3




Paths: a summary

(Lso +lhiss +lhisat
+lis5 +lasg + 1o at
+lons + 1354 + 1355+
+l45)/10=1.6

Average Path Length
The average of the shortest paths for all pairs of
nodes.



Paths: a summary

Cycle Self-Avoiding Path
A path with the same start and end node. A path that does not intersect itself.



Paths: a summary

Eulerian Path/Cycle Hamiltonian Path/Cycle
A path that traverses each link exactly once. A path that visits each node exactly once.



Connectivity of
undirected graphs

Connected (undirected) graph:
any two vertices can be joined by a path.

A disconnected graph is made up by two or
more connected components.

B
B
A
A
F( C
D F ¢
" F
G
G
Bridge:

if we erase it, the graph becomes disconnected.
Example (A,F)

Largest Component: Giant Component
The rest: Isolates




Connectivity of
undirected graphs

The adjacency matrix of a network with several
components can be written in a block-diagonal
form, so that nonzero elements are confined to
squares, with all other elements being zero.

0
0
0
0

0
0
0
0

0
0

0

0
0
0

oo

o o

=




Connectivity of
directed graphs

Strongly connected directed graph (SCC):
has a path from each node to every other node
and vice versa (e.g. AB path and BA path).

Weakly connected directed graph (WCC):
it is connected if we disregard the edge
directions.

Strongly connected components can be
identified, but not every node is part of a
nontrivial strongly connected component.

D C G

In-component:
nodes that can reach the scc,

Out-component:
nodes that can be reached from the scc.



Network Density




Complete Graph

A graph with degree y

L=L

max

P—‘F—‘OP—‘
O*—"—‘P—‘

1
1
0
1

is called a complete graph, and its average
The maximum number of links an undirected network of N

degreeis
nodes can have is:
<k>=N-1 . - N| N(N-1
max 2 2

What about directed networks?



Network Density

Ratio of existing edges over possible ones.

NfX

Low Density High Density

Complete graph
dG)=1

L
d(G) =
( ) Lmaa:
Examples

Sparse graph
d(G)=2/3



Most networks observed in real systems are sparse

L<< L b i e
o AT R D) Sparse
<k><<N-1 P =+ Adjacency matrix

d(G) << 1
WWW (ND Sample): ~ N=325,729; L=1.4 106 L =102 <k>=4.51
Protein (S. Cerevisiae): N= 1,870; L=4,470 Lmax=107 <k>=2.39
Coauthorship (Math): N= 70,975; L=210° L =310 <k>=3.9
Movie Actors: N=212,250; L=6 10° L =1.810% <k>=28.78

(Source: Albert, Barabasi, RMP2002)



Clustering Coefficient




Clustering
Coefficient

How “clustered” is my network?

Global Clustering coefficient

e Triangles and triplets
e Cin[0,1]

Triplet Triangle

(3) ' (4)

G(V=9,E=36)

3 X number of triangles

C=

number of all triplets

Wiatts & Strogatz,
Nature (1998)




Clustering
Coefficient

What fraction of your neighbors are
connected?

Local Clustering coefficient
e Nodeiwith degreek.
e Cin [0,1]

(o) (o)

e - .\ ™o oz.\ ANy

k,=2 k,= k,=3 k,=3 k,=

ng(v)=0 ng(v)=1 ng(v)=0 ng(v)=1 ne(v)=5

C,=0 C,=1 C,=0 C,=0.33 C,=1

e EDGES CONNECTED TO v, EDGES BETWEEN NEIGHBORS OF v, emss® OTHER EDGES
= e
P =
ki(k; — 1)
Wiatts & Strogatz,

Nature (1998)




Clustering
Coefficient

What fraction of your neighbors are
connected?

Local Clustering coefficient
e Nodeiwith degreek.
e C.in[01]

Wiatts & Strogatz,
Nature (1998)




Clustering
Coefficient

C ~0.31

What fraction of your neighbors are
connected on average?
Average Clustering coefficient

e Average of local clustering coefficients - 1 &

e Cin[01] C=—20Ci

=1
Wiatts & Strogatz,

Nature (1998)




Bipartite Networks




Bipartite Graphs

Bipartite graph (or bigraph)

a graph whose nodes can be divided into
two disjoint sets U and V such that every
link connects anode in Utoonein V.

Examples
Hollywood actor network
Collaboration networks
Disease network (diseasome)

Projection U

Projection V

Projection
Two nodes of the same class are connected
by a (weighted) edge if they share at least a
common neighbor



http://en.wikipedia.org/wiki/Graph_(mathematics)
http://en.wikipedia.org/wiki/Disjoint_sets

TPS53
BRCA2 BRIP1
DGFR]
K3
BRAF
TNNE
SMAD4
CHEK2 C22A
R BRAF
CND
1) CDKN
KRAS
AR

Gene network
(projection)

Gene - DiseNetwork ase Network

N> o{i/A
<X 7=

R
S ’;/"‘Q

. 'i\l';""‘ =

S

PHENOME\

Colon cancer

Disease network

(projection)

Goh, Cusick, Valle, Childs, Vidal & Barabdsi,
PNAS (2007)




A Ingredients Flavor compounds
'f;y"' shrimp 1-penten-3-ol
= ' vngna 2-hexenal
<) wine 2-isobuty! thiazole
o mozzarella 2,3diethylpyrazine
) 2 4-nonadienal
.g parmesan 3-hexen-1-ol
4-hydroxy-5-methyl...
) olive 4-methylpentanolc acld
2 oil acetylpyrazine
& allyl 2-uroate
S alpha-terpineol
g' parsley oo':a-cy:z:oxmn
& cis-3-hexenal
(&3 dihydroxyacetone
2 tomato _dimethyl succinate
£ ethyl proplonate
= hexyl alcohol
5' isoamyl alcohol
garlic isobutyl acetate
Isobutyl alcohol
lauric acld
i) : limonene (d-l-, and di-)
2 . scallion l-malic acid
] methyl butyrate
: @ sesameoil e
i . starch methyl propy! trisulfide
@ soy nonanoic acid
S . sauce phenethyl alcohol
& it propenyl propyl disulfide
- propionaldehyde
(75} black propyl disulfide
pepper p-mentha-1,3-diene
pr-menth-1-ene-9-al
® e terpinyl acetate

tetrahydrofurfuryl alcohol

5] mussel trans, trans-2,4-hexadienal

Ingredient-Flavor Bipartite Network

B Flavor network

2

Prevalence

Shared compounds

IR
30

1

Y-Y.Ahn, S. E. Ahnert, J. P. Bagrow, A-L. Barabasi
Flavor network and the principles of food pairing,
Scientific Reports 196, (2011).
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Central quantities
in Network Science

Degree Distribution

P(k)
Path length

<d>

Clustering Coefficient
2e,

1

C=——"—
ki(ki _1)

,,,,,

uuuuu




Type of graphs

Directedness
Undirected graph
O 1 1 O
1 0 1 1
Al.j=
1 1 0 O
O 1 0 O
A,=0 A;,=4,
1 < 2L
L=—)>A. <k>=—
2Z Y N

Actor network, protein-protein interactions

Directed graph
0
\ 0
4; = 1
0
A,=0 A, #A4,

N
LzZAI.j < k >=

ij=1

L
N

WWW, citation networks

S O O

oS O = O

oS O = O



Type of graphs

Weightedness

Unweighted graph
O 1 1
1 0 1
Al.j =
1 1 O
0O 1 O
A.=0 A;=4,
RN 2L
L=—) A, <k>=—
2 Z Y N

protein-protein interactions, WWW

S O ~ O

Weighted graph
0 2 0.5
2 0 1
Ay = 05 1 0
0 4 0
A,=0 A,=4,

1< 2L
L=— nonzero(A.. < f>="2
2 (4,) ;e

i, j=1

Call Graph, metabolic networks

O O = O



Type of graphs

Loops & Multigraphs

Self Interactions

1 1 1
1 0 1
A, =
7110
0 1 0
A4,#0 A,=4,
1 N N
L= > A,+2.4, ?
i, j=1i#j i=1

protein-protein interactions, WWW

-0 = O

Multigraph (undirected)
0O 2 1
2 0 1
A, =
/ 1 1 0
O 3 O
A, =0 A,=4,
N
L= % Znonzero(Aij) <k>= ZWL

i,j=1

Social Network, Collaboration Network

S O w O



Network Directed | Weighted | Multigraph | Self-loops
WWW yes no yes yes
Protein no no no yes
interactions

Collaboration no yes yes no
network

Mobile phone yes yes no no
calls

Facebook no no no no
Friendship

Real Networks can have multiple characteristics



Case Study:
Protein-Protein Interaction Network



Case study

Protein-protein
interaction

Undirected network

N=2,018 proteins as nodes

L=2,930 binding interactions as links.
Average degree <k>=2.90.

Not connected: 185 components
Largest (giant component) 1,647 nodes
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0.1
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Case study

Protein-protein
interaction

p, is the probability that a node has degree k
N, = # nodes with degree k

p.=N/N

t,-' 10°

101
®e
aw
2
Q 102 & hUbS
oy
®
.% D
103 5
2 & @
10_4 | al i |
10° 101 102



Case study

Protein-protein
interaction

Path length distribution

d =14

max

<d>=5.61

C' 0.25

0.2

0.15

Pd

0.1

0.05

e - e e e e e e e e e e

mb
oo

10 12

=

14



Case study

Protein-protein
interaction

Clustering coefficient vs. node degree
Average Clustering Coeff.

<C>=0.12

d. 100
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Chapter 2

Conclusion

Take Away Messages Suggested Readings What'’s Next
1. Semantic shapes graph topology
2. Network properties can be ° Chapter 2 of Barabasi's book Chapter 3:
measured ° Chapter 2 of Kleinberg’s book Random Networks
3. Degree distribution
4. Paths & Connectivity
5. Clustering Coefficient




